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PREFACE. TO THE, FIRST EDITION | es 
| This back ‘is. intended to serve'as a text book for the’ present . 
B, A. cand B.Sc Honours courses of Indian Universities, - Tee 


consists of five chapters named chapters 0, I, I, LI and IV of ee 


~ which chapter O provides an informative introduction - concerning ee 
the origin and nature of the tensor concept and the scope of tensor | 


calculus, while chapter I deals. with some preliminaries necessary . 


for the treatment of the material i in the succeeding chapters, ta 
: Chapter II Tensor Algebra has been developed i in an n-dimensional 
space, while in chapter III an n-dimensional Riemannian space 
has been chosen for. the development of Tensor Calculus. In 
Chapter IV it is shown how | some known results of ordinary vector 
calculus can be derived . from appropriate results in the tensor 
calculus of a 3- dimensional Riemannian space. This is done to 
indicate the power of tensor calculus. a , 
_. Every effort has been made to treat the subject matter inan 
unambiguously clear and rigorous manner.- To ensure clarity of 
understanding detailed explanations have been given wherever 
thought neces sary. The numerous notes to be found in the text 
are designed to help the reader to have a firm grasp on the material 
and are also aimed at preventing false impressions and distorted 
‘conceptions — At the end of each chapter, except chapter 0, a 
large number of problems-of various types have been completely 
solved and exercises containing carefully graded. and motivating . 
examples have been incorporated. : | 
It is hoped that this book will prove ‘iat not only to the 
Honours students but also to the post-graduate students of those | 
- Universities where Differential Geometry is taught with the help - 
of Tensor Calculus, to the students of Engineering Colleges and 


to the candidates for some competitive examinations. 8 
I should like to thank Dr. (Mrs.) Bandana Barua, Reade: ou 


_of the Department of Pure Mathematics, Calcutta University for. ae : 
offering some valuable suggestions for the improvement of the =. 


book. I desire also to thank Miss | “Manjusha - Tarafdar, lectures 9 


ot the same 2 Department « of ‘Calcutta ‘Uni iversity 
- entire manuscript ‘and offered some. ‘valuable: suggestions, 
~ Lastly, I wish to record my appreciation t to the Publisher an 
Printers for their care and efforts in bringing out this book. a 
: Criticisms and suggestions for. the improvement: of the | b 


“will be gratefully acknowledged. 
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cays ee CHAPTER. 0. 
: : “INTRODUCTION. 


— oO1 Sameer. The  Guethiod of General Differential ‘Cileatns ne 
was. created by Gauss, Riemann, Christoffel. and Ricci. ~ To this. ae 


ss general calculus, Ricci gave the name‘ Absolute Dif ‘ferential Calculus’ .. 


a The first memoirs on this subject was published _ by Ricci and his. 


student Levi-Civita in 1901, eee 

The. great crystal physicist) W. Voigt of Gittingen dove 
tensors, identified them and gave them this name in his remarkable- 
treatise ‘A Text-book of Crystal Physics’ published i in 1910, The- 


first example of a tensor which was recognised in Physics was: 


“the system of tensions (stresses) of a deformed solid. The name- 
‘tensor’ recalls this origin, i.e., the word tensor comes from. the 
word tension. yas, : Oo 7 

The terms tensor and tensor analysis were introduced in the 


study of Absolute Differential Calculus simultaneously with the - 


creation of the general theory of relativity and were proposed by 
Einstein and Grassman in their joint memoir ‘Introduction te 
General Relativity Theory’ published in 19141. | 

Tensor is a generalization, of the term vector and Teasur 
Calculus or rather Tensor Analysis is a generalization ‘of wector- 
analysis. 


0.2. Vector of a two-dimensional Ruclidean space E, 

In this section we discuss how the term tensor may. be COSI— 
dered asa generalization of the term vector. For this we start 
“with a two-dimensional Euclidean space E, provided with a systenr. 
of rectangular Cartesian coordinates. Let QO and P be two points 
of Ei. with (% 15 x 2) and (y,, Ye) as their respective coordinates (See: 


Fig- 5. "For convenience ‘we take the coordinates of a point ase 
(X45 x4), though it is conventional to take them as Os y)- 


% ‘MethSdes de Calcul-differentiel . abseli et leurs, spplications' ‘ Mathema=. 


tische Annalen, Vol. 54, “1901. ee ae 


. bebpbweh’ der. Kr istaliphysily: Geubner, BeslinntOas 9S rer raat: 902 A ee ose 
a Zeitschr. fiir. Math. u, se ie 62,1914, cas SRE Ee ae 
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i Then the coordinates of the directed line segment PQ, i.e. of the | 

: e ) Denoting x;-y, and i 

ba: Q(X44 Xp) ye pe he | ee Saat 

a | —Y» by 2, and 2, respecx | 

. a ae | ie the coordinates of PO. 
‘ P( y4 Ye) can be expressed as a 

| i - Zz, =xy—yye(I) a es 


a ie orthogonal transformation of 
: | Fig. 1 coordinate axes piven by 
ey Ay Ky Paya Xe +d, } (2) 
7 3 ae X95 = Ae T Xi +o, Xo +b, ‘ 
fe Tiss . eee a 

: 21 “22 


: equal to i 
Ue rah. 2g We « can express (2) as follows 


+ ™ Denote by (% (%1, Ro), 1.54) the ne of O oe F in the 
a “mew ‘coordinate’ system. Then the coordinates of the vector PO in = 
ie | oe “the: ‘new coordinate systemn are (%,—Jj,, # »—Je). Denote *,—5, 
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oe an ‘be expressed’ AS Zp Hyp —Fyorroi(4 ‘m ied, 9 
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Now, fon (3) “we fetes X 5, he ( > ‘a; iy +-b,) 
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Next we consider an 


: where the matrix ( 14 ae is orthogonal with its determinant 


a kieke nr an m8) 


cand: ¥a—5 by Z, and 2, respectively. Then the coordinates | of PQ” | 


ata Se Yo Deaginaiton . 


Boe Z ‘ 
a tt oan ‘ 5 7 

: ' = a . we s ha! : a Be a . . bee ee Rea 
. = ve ry : . y Ph : 


* 
; 
ane 
bo 
ae 
oa wise 
: 
© 
t 
f 

a 

a 

‘ 


‘The above equation. shows. that the’ Kecinies of a vector | 


‘ PO of E, transform according tO ae certain law ‘given by ©), when 


_ zeferred.:to a new coordinate system: This was first pointed out 
D by Felix Klein i in 1872): In: view of this observation a vector of Ey 


coordinate system by: a set of. _ components © which -transf orm 
according to. the’ law . given -by (6), _when referred. tos “a new. | 


* 


| - coordinate system. Ee A OS oe galas ee 


Ce es aes 


fact that the concept of a tensor may. be taken as .a generalization 
of that of a vector when a_vector is defined i in. this. manner, 


determined in a given— -coordinate system by a set of components > 


may be regarded | as an object. ‘which. is ‘determined | in a given” oe 


-The importance of. the above definition oF a vector lies in the: oe 


We next show. that in £, there exist. other objects which “are 


_which transform according to other Jaws when referred | toa new - 


system of: coordinates. ae Ae ee ee ee 


(In future, unless otherwise stated, a vector es Ey Sines 


: components in a given coordinate system. are A, “Ay, shall be - 


~ 


written as vector Ay oe fF: ¢ PR SG 


. An 1 object arising out of two vectors : ee ee eee LESe 


ZF “eee 


ee A By, Ay Bey de By, A, Bs _ er ae 


as its: components in a certain system of coordinates - Denote: the 


; ‘components of A; and B; in another system. of coordinates s by a 


aK _and B; respectively. ‘Then by (5) we have ah 
é mee Aa ==. Bay Ay, ters B;" a EanB, i Pe i c, Ad 
< Hence 4 Bj = = Eas nit as 


poy Hae 
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, : a \ 
| OX; OX; a3 | . b 

nou ae Ge i on) rn ed 3), 


Thus. we see vanat ides: exists-an\ object with components Cer 
in a certain system of coordinates which transform according to the: 


law given by (8), when referred to a new system of coordinates. 


_An-object arising out of three vectors : ee 
Next wé take three vectors A,, B; and Cy, of Ea. 9. Let an object | 
have - | ee : . 4 : es ; 
A,\B\Cy, - A,By\Co, = 4, B2Ci, AgBiGst > 2 3a 
| AgBoC2," AsByCg,  AgBaCys . “42B Ca oe 
as its components in a certain system of scotdinares 
Denote by 4;, B,, ra the components of 4;, B;, Cy 
when referred to a new system of coordinates. 
Then by (5) we have 3 : a 
Ape DaiAi, B; = > A; mBm and C,,= = Fixe Lm,p=1,2 


! 
! 
' 


; ‘Hence, 7 AB | ;Ce = Ej, Aim Gey A j pBrvCp re () 
Denote 4 AB ; Cc, by dign and A :BmCy by di mp - : a > “14 
Then (9) ‘can be expressed as te y ay | er 

_ dist = Zaiy Zinn, a dimp a ro ge , . a 
or.” as: Asx O%, O% 5 O%, ® dimp Lote (0), 


Ox; BX, OXp a 
Thus - we see that there exists an object. soir components dime 
‘in a certain system’ of coordinates which transform according to : 
' the law Cale (10:, ‘when referred to anew" r system of coordinates.: 


| an object: with components 5 Dy, j = ina certain, | 
Wat Ty 7 


- chow which’ strstr aie tothe law ia Joy Be age 
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E :Btoin? “8, (10): rand: aty it “follows th t besides § vectors, there ee 

exist in E, other objects such as those ‘with components igus Bini, 2 0. 

in a- cértain system of coordinates which transform 
CO ee ee Ee Se a ee ee aa 


j i ) meres 
Ipda Fi eS: cine 

. Lerieere to the laws given by (8), (10) and tty, tespectively,. when Be 
Ee referred to a new system of coordinates: ee 


_.. Although, at first sight these three laws seem to be different. 
 $r0m the law for a vector, a little reflection reveals the following. ; 
formal similarity in all the laws under considerat' on: - ig ire 


d 


(i) In case of a vector Zz; only one ‘term in the form 


in each term of. the summation expressing the corresponding I. law ; 
‘ (ii) In case’ of an object with components Cris only two terms 
in the form OX, Ox 3 occur in each term of the summation See 
OX, OX, soo ‘8 he ae en ae 
“ing the corresponding law: Sa ek eee . 
(iti) In case of an object with components dy, Limp, | only. three 


Xx 5. x. x 
parts in the form 2—+ 2 O* 5 ox “* “occur in. each © term oF the sum- 
“ 
OX, Xm OX, + CoE A 


mation expressing the corresponding law; ee aS ee 


and (iv) in case of an object with components D;: i, eh , only # 
= ae Ox . ax Sgn ee eH ee Me 
| terms in the form J -?.. —-* occur in each terin of the. 
; XxX . GX. EX . ee ; 
: Gi ia Ie 


supmation ‘expressing the corresponding ier 
Due vo this formal similarity, objects with components Cris 


be igs D, ere - may be included under a general term which | may 


be divided into different _classes accordin: to the number “of indices. 
Occurring in their components. _- : a. - 
| ~ In fact, such a general term ist the tem ‘t ‘tensor’ and ete 


7 with ) components, CE pe Oye DD gage i : See a are. called tensors of 
2° TB ‘ 


/ rank 2, 3, 1_ 2, 3, 7 and_ 1 respectively. Consequently, a vector of Fe 


| 

} : ; 

- hay be called a tensor of rank 1. In otherwords, a tensor. of E, 
| 

; 


may.be regarded. as a generalization of a vector of Ez defined from <4 
| the transformation standpoint. Sometimes the word order is — : 
ss 


used in. place of the word rank. 


"A tensor of E. is thus obeained- by considering nen ees 
transformation of coordinate axes. Such: “g tensor is therefore -. 


~~ 
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called a Cartesian tensor. Similarly a Gageaian tensor of E, may | 
Pema erneees cena alpen nctlemenene ttn ne 


not change with the change of coordinate system. 


although they may be established by using coordin 
- their contents are independent of such systems, 


ae ae tool for the ¢ study’ ‘of geometrical 
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be obtained as a generalization of a vector of: E,;. 
If we consider a ‘general. space instead of En then a eenean 


‘tensor of such a space may be obtained by considering general 


transformation of the cobtceponding space. A general tensor shall | 


be called a tensor. 


‘ Regarding ‘the concept of a tensor the isileind pointe atioula | 
e note : 


(a) Tt is an _object ‘of a ‘space and depends on the nature of ? 
transformation of coordinate system, and the nature _ of the law | 
according to which its components in one system’ are transformed, ; 
when. referred to another coordinate system. 


(b). The components of a tensor may be chosen sea | in 


any system of ccordinates. -Its components in any other system | 
are then uniquely metevmnined by the corresponding law of trans- 


| 
formation. ; : a 


(c) ‘The components describing a tensor Benecally change sip 


i aaa 
the chan nge of coordinate system, but the concept of a tensor does 


(d) Atensor represents a mathematical object. which exists 


at @ point just as a force represents a physical | object which exists: 
ee On a error es 


eee 


at-a a point. | 
0.3. Tensor field aiid Tensor Calculus’ 


~ 


' If a ténsor is defined at every point ofa space, we corre we ; 


: dive atensor field over the space. 


Tensor ‘Calculus is concerned essentially with the study of | 
‘tensor fields, : | 


To - Tensor CAdiins J... A. Schouten. gave the name. ‘Ricci. 
Calculus’. The names—General Differential Calculus, Absolute © 


Differential Calculus and Ricci Calculus’ are now rarely used. These. 


names have now been replaced by the name ‘Tensor Calculus’: 
Physical and geometrical facts have the peculiarity that ie 
ate systems 


This peculiarity. < 
4s also possessed by: a tensor, i.e., although coordinate systems até A 


used. to describe : tensors, their properties, are independent ‘of; gh 
coordinate systems... For. this reason tensor calculus is: an ideal 


and physical ebiects. kg alc tees 


eee “SOME PRELIMINARIES eae 
is Y. 0: “es this 5 chine we: shalt introduce the: ‘notion. o “iystens-o of 

. different orders and * shall consider some conyentions and symbols. ° 

~ and some results on matrices: and | determinants which, will be fre : 


o 


: “quently used later ONiin = tene s Gh ae ee 


A 1 Systems. of. different Stes. has se ; med eee tite Oe Te we eS 


Tet us consider two. quantities. Cher they may be ae by 
2 ey a, or by a’, a®.(*). In the former case they may be represented’ * 
e! edenesod a, and in ‘the latter case by the notation a , where 
“i takes values 1 and >. If we. consider four’. quantities, then they 


_ may ‘be denoted in any of the following ways : S| ie Wael eee © 
(1) Gags - Gass ee ay, 2%: i, Ae = if 4 7 $: ra ; “ye ae 
(2). at}, a a??,: mo at? qth. ee ee 


GB) al, Be Pe ae Pe a a 


= _————* = 


aj “respectively, * where ‘each. of the’ Gndices ates Values a0 Sud 2 x 


In such cases, expressions 4, a’, re a*i and - aie are called 


systems Each of 4; an: and a is called. a. simple. system or a system 
of first order of which ay, ag and a, a? are called their respective 
Se eee eee 


- components. Each of the e: expressions ai; i, a7, at a; 1s “called a double . 


ay et at 


- system ¢ or a a_ system of the: second order of. which the Tespective — 
com onents are 444, By 0) ay 2, Gay ; alt, az? al? a a** and al, as" 


. 43, ah. \ az, ‘Ina similar manner we can get a system of the m-th order. ~ 
Iti is easy to see that the number of cc components of a system deps en ds 


on its order ‘and the number _o values which its indices can take 


Thus if the index or each of the indices.of a system can take : 


values 1 and 2, then. the number oe its components is 2, 2% o¢ 25: 


according as it is ‘of the first, second or ‘the third order. In general,. 
‘if. the indices of a system can take. values 1 ee “oN, then thes, 


| number of its components is n, nn etc, according as it’ is : Of the 
pgs second, third order ete. - : oo 


® TE must’ ‘be understood that a‘ ‘and a* do not mean ‘hak a is raised to: sethier 


tae power. 1 and ?s but 1 and 2 are used to: eetingiach the two quantities: 


ie S Ea the index ican take all the values from 1 to - ‘Similarly, RN 


_Ahe index- z is the index, of contravariance and the indices js 
system A! $j is called ac contrat artant Sus tewh, 


dummy, then it is called free: Thus in the expression ale _the 


Bo oa A TEXT BOOK OF TENSOR CALCULUS 
‘ L 


Note ee a system ‘of {order 28h» w 
mo index; index, such as a 

Note 2. The upper and. lower 
ok contravariance and. covariance respectively. 


e. shall mean a single quantity having 


indices ‘of a system are called its z2dices 
| | ve 

Thus. for the system At, 

RB are. indices of 


covariance. Accordingly, the » cal 
is. called a covariant system while the system Aj is is called 


. the éystem A;; Je: a tes peotsstd 
aA a mixed system, ae : , 
_ “02 Sommation Convention 
ef oes | non wes ae 
Let us consider the sum ae = Pi}: a x®, In order to avoid such 


awkward: way of expression using sigmads (2” s),. we shall make use 


of a convention used by A. Einstein which is accordingly called 
instein summation convention. | 
Before stating this convention we explain what is meant by a 


- dummy index and a free index in an indexed expression 


Dummy index: When in an_indexed expression an index 


occurs once as a lower index and again as an upper index, then 


the! index is called dummy. Thus in ine oe ax" the index 


4_is dummy and in the expression Ai, X “both the indices i and k 
_ wate dummy, | | oy 


Free iridex :. ‘Tf in an indexed expression an ndee is not 


wt 


andéx i is dummy, while the index K is free.~ ~~ | 
<a a re 
The summation convention may now be stated as follows. : 


oe “If in’ an ‘indexed ianeiee a dummy index occurs, Hat the 
expression has_to. considered as a sum and the expression is to 
Sa 
be summed by ¢ siving me index all th an take 


Thus the expression a ;x* in which a denims index i occurs, | 


awill according to this convention mean, ee sum 


weal r) 


SW; 


at a RST Sales 


WTAE ges ee Te 


M0; 


A ene, ti Ra Maat ee 


ee 
“aN % ne 


Sipe eee 
Fie 


“ accordin, to this convention coos om, 
ie ng t | the = som 2 2) a, ee sah can. be written 


ast a; aa i ‘because in: “this! exptession two *duminy dit es 


Note Le te is to be er that t the name eda y 


‘because such an index does: ‘not react on ‘the: chan, e.0f: notation. +f, 


“expressive, | 
- ‘Thus in the - sum a,x X* the dummy _index zt may: be replaced. by: any other © 


letter 4, so that a,x =a,x*.. This property: ofa dummy index’ ig. analogous * A) 
erence einem [8 g 
to te property _o of the vanebic of! integration | ina: definite integral te, </ 
eee ee K 
| RE eee ee arated A a 
Poy awn S00) ay ns Pas 
vNote 2, It is to. ‘be carefully ce paved that if in an expréssion 09, | 
. dummy indices occur, then these indices cannot. be denoted by the same : 
a _cetter, Thus in the expression: ay; re, x im which i and j: are two. dummy 


we 


indices, the same letter & cannot. -be. wee: for L and j Le. Ag Xx? i xf _cannoée . 
- be written as App xix", . mer ee 
a oi ar 
Further, if in an expression both dummy and free indices occur, 
then. the dummy index cannot be. denoted by the letter denoting - 
a free index, Thus in the expression a,,x* the dummy index k — 
‘cannot be denoted by the letter. i which j is a free index i.e. ai, ae 


| 
cannot be written aS: Ay 4x". a ESiaee : 


3 _ Kronecker symbols: ee os : aS Te ie en = 


In this section we consider a particular system of second order - 
(See I. 1) denoted by 83, i, j=1, ---” which is defined as follows : 


j-St m1 for i=j gO gt OS eS ae 
| ir Biotos) gee _ seed) 


Such a system is.called a Kronecker symbol. It is: also called es 
Kronecker delta. oc 


mete oe in 


| We shall now consider some snapextiss of this system. 
2 ar: x}, x? ++ x” are independent variables, then 


\ oxt ° 
5 aoe i. aes 
4 8 \ a — 
_ =(Q for bps] i a Et toe en eas 
7 } at, el. rn ene Seek 
‘ aie Hence axl = 85 ee ee ko ee (1.2) we 
oe | Following ‘Einstein. convention we get ae eee eg 


ot re m=L+1+ - Hon 
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: Nee S$ai =sial 4503+. - - +8,a" -. 4 
peas Hence, 8}a) =8]a'+83a*+ --- +8}a" = sta! Bae OS 
© Similarly, 3747 =a, --- sai - 7 “7. 
5/2 Hence, S$af at | (1.4) 
|. Similarly, 8fa,=a; — Mi 15) 
bie os Now, 8445, =8}414+83@on +21 +890n4 a 
Hh : Fence, 3a tk Sel argh i eag bot Stang 
ie : =314,,=4,, forall k 
i | : hip ‘Similarly, 8605, =Aozy bhi, =Ay, for all ke 
i , Hence, 8}4;,=45, — Sirs (1.6) 
at Similarly, sia, , =a, me (1,6) 
e #.2, In a. similar manner it can be shown that _ | 
| qT : ~~ ori 8% iqik —qik oo “= TOA. 
f a | a and _afats matt acs Gk 7) 
‘) | -Pote 1. Formulas (1.4), (1.5), (1.6), as 6°), GU.) (L2") siiowe. that the 
| Ls symbol 8¢ allows us to replace one index by another. For example, if in the 
‘ie | . expression a/* we want to replace the index 7 by the index 7, then we have.to: ie 
it | ‘a multiply. aik by ee so that’ giask =atk (See 1.7%). For this reason. the- : 
a symbol §# is sometimes called the substitution operator. | | : 
| i | : a Note 2, "Side by side with gh the following two systems of second order: | 
eee are sometimes used : a a . { 
ae’ Be ost 2 es (1.8). 
We ; St i> f23 = 4 a i= j ie | 
We — =O for ixej a ‘ 
Again, a =1 for | ne ' 
io “-=0 forisej E 


~~ 


cn These systems are: e- also ‘called kronecker symbols or kronécker’ 


iB T hiss section \ we hail: consider: fount particular systems. two of" 


: which ate~ “of ‘the second order and » the other two are. -of the third 
vorder ‘They: are. “‘Fepresented by. e; 


the’ former 


ers and” CstKs. ebik “respec 


AWO ‘Cages: ‘dies fndices: take. “waldes: Land 2 
tghile in the: atter ‘two cases they take’ values t 2, 3 


_ §0ME: PRELIMINARIES a ae 


r a: ‘components’ of - each’ of. the: erase 9 ; 
the remaining two is 27 Gee. a6 Tes eet 
s follows #2 ge us 2 


Henee the ‘number 


is 4 and that: of each of 
. The systems are defined a 


61, =9, exe =0, ‘éy,=1, i =) aie 9). 
er =0, e?? = 0; | et? = J, ert ri 1 Z a oe 10) 
C1os = lear =Cai2 cae . ae oe ey ee 
ee Gay 


- @919 = 8301 ~ 013827 
and the remaining 21 components ‘are zero ). a ts ores 


e hie eee =1- . as | 
we. cae wee (1.12) 


e738 - 2321 — 48 | 


-and the remairiing 21 componenits ; are Zero” a 


‘These systems are called e- systems . of second and third order 


ef respectively. ie: | : / ‘ ‘ 
By means of these systems and the Isronecker delta,-proofs of a 


number of properties of determinants are considerably simplified. 


They are also useful for writing down briefly: different expressions 


important in'the theory of determinants. 


We shall now establish some results using @- systems of 2nd and 


third order 
e-systems of second order : 

sf 
at 
lazy 


%| es 
at|= 


Let 


Q& 
bOwho— 
———— 


~ . Then | a} | =alaz —ala? =e, .4} az +e,,a3ah | =. 
2: - oe — [iu @ye = 1 and eg, = —1) 
=e,,a¢aj --- (1.13) [by summation convention ] 


Similarly, it can be shown that 
[at | =ef%aja? ... (1.14) 


Let us now consider the expression 


‘ _ e@,;aia), where the indices Dp and q are. free and can be assigned. . 


Sivas land 2 at will. 

‘We have e;;afai =@,,@{43 +e. aj ai 
us : : 
‘ €1 081 lag —e1 28h ak 


a mei afl 8 PR ee 
ee - ‘Thus, e,,aias =Cro Feil. cass (0.15) - pcre 
Similarly,e;;¢iai =e.) | a? ae ee acl 16). 2 a 


NN EDO SSESSIIIE SB RN I A ee Re 


rae 2 ae Sia Mae t 
. na og PERT BOOK OF TENSOR - CALCULUS | 
ch (1. 15) and (1.16) we can write J 

7 € 55454) =eng | ai t 

om Jaf | epg =essa$a4 CAD. 4 3 : 

Similarly, it can be shown that | | | 
_jatjlert*=etfatat (1.18) _ © | | 

e-syStems of third order ; . : | a 


Ifwetake |aj;| = |at ai a} 


a a | 
then it can be shown as in cases of (1. 13), (1. 14), a. 17; sad a. 18) | 
that the. following results hold : “4 


| [aj | =e¢;,4\ aia} (1.19) 

a | aj | =et!*atata? (1.20) ! 
ai y . : : j ‘ : 7 ; 
yi ye Z 

| 7 | 45 | Cpar =e; jptiaiak | (1.21) 
Hi | and | aj | e"*"=e***atata’ (1:22) : 
ihe! : - 7 2 : : 7 ‘ 
H | ..Note: The-‘above definitions of e-systems of second and third order can 

4 | | , i ~ , . ah * # a = , 

| | obviously be extended to define e-systems of 2 th order Cs fy evefy 2nd gon 
i involving # indices and if - ee 
rif | a ae ae Ae 1 | , | 
tn | at | = at ae at - - 
ae a2 az aq? |, then results analogous to 


‘7 oe a a 
le mee 19), (1, 20), (1. 21) and (1.22) will hold. 


1.5 Some results on. matrices and determinants of systems of 


oe Seep ER oe tee ae ae - s 
eat acta eens a ee 


second wade . 3 ies 

'-.. | It is known that if the range of the indices of a system of second 

order is from | to m, then the number of its components is n? 

ies (See Ly. A system of second Paoee can be of three types, namely . 
cbr Ges end o°4 | .* | 

: By matrices of. systems of. seeand order we mean the atlas 7 

PERE ay . aut Loy - Say. Aig" Ain ; at attegi™ 


iy EE eRe” oan 


rae 


. re “ . 
Senn eee sn pein eaotaln od De wales ee eakerna ee em Sener a 


PNET Sate Minin Sl ie a tegen 


4 : —-@ a eae : ne on _ ‘ 
eel cane dae" ns ee ee a22git, 


i ae « : Se . pe 
Aes ; wake : ‘ ery) 
pom gg Se i  e ee A ee OL ate ty, 


an ‘ ions ag, Pia i ee Ca ee ae 
a he = Th 2; ca Ayn, es plata & . a” ' q" 2 oo sa” eed eee 


We ‘shall ¢ tow. * establish: the: followings pesules ‘OW ‘Mnatri¢es “and 
determinants of systems of second, order. eUhey: wall often be used: “3 
ed later One eS Pee ts or r 5 ) 
5D: # ajbi =¢h, then, (ain \ (8) and Je af fi 4 64 ts = “ih Kee ae 


~ 


@ Te Ha, = ck edhen: (Bi*y*(a. je (chy. oe Ai ee Hee 

| and. | oe :. i Qty ft _ feb Ne ne 24) ne 

7 o 2. where.(b'*)* is the transpose of dort) : 

@ Tea} hes a then (45 )(c5)(§) = (43) A BPE oc ae oa 

and [ai | [ef] | 63 ]= [ aj - x 25). 

(4) ff Sta}d,qmd.,, then (a?)* (by q'(a4 ads): ee 

and. , at: a ge [2 | ag |. — Laos I Pa 74.26) 

7 (5) ‘Tf aajbet—d'i, ae (aj\(ory(asy* (ats) oo aes 2 

: — and | a} [erry Fai | = ‘Tae i. (1.27) : 

We shall prove these cote “by taking the 1 range of ae indices o 
front 1 to 2.. But the results: hold, in general, when the range is 

from 1 to 7. ge 7 a a i 

Case (4). We ee atbi maibis alps Hence. ‘ef = aio} +aio3. 7 


al el atbl +alb? albi+alb2 ai ql b} ae 
Therefore, (et i) = a: ib} bag? aibl-+064)~ ie zaalls i =) : 


LF 


1 &e 
- > Henee, (ef) =(a#)(b4): 
‘Taking determinants of both ce we get | ee | 
fen | = one oe Pe ae eee. [AB | = Jal. [Bl 
ss . Fr ee here A and B .are. ee 
| e , sauare aun’ : 


~ 


This proves a. 23). we 7 
Case (2) We oe a,b Ph me bt ta, jotF 7 
Hence cf =a, ,b'* +a, ,b?*: . 


. Therefore. (¢t at a1,b** 4a, be a; ,5** +2,, a) | 
\ - 


ci 3 =o pb ot aay b?? ay abt 2 +Geeb?? 
Me: ae ? Tae bP e . - 


“= “(Be )¥(a, Je PS 4. ee 
Taking determinants of both sides we get oe a 


Cone feck | = 4: (6F)* |. bas; acl ae Dit ge la a, Ls Ae ie _ 14 Dd 
-. This: piovés’ “GE2A) te os elas Legh abana 


a ‘The other three results cab tbe = stay viovedt : # sae 
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ee "WORKED EXAMPLES eae, 


4 
! 
ie: ten ei Ree he 
ES sd ts ee ale ane aaa fifth order in | which » 
ae 4... Find the nuaibe of Components of a ‘system of 3 

: jf eaeb, of the indices takes values from 1'to %. os e | Le 
“The number’ of components of a system. ‘of rth ° order in. whieh each o she 


TS indices ‘takes values: from 1 to- mis 77. Here n=8. and r=5. Hence the 


a number is 85. 


| : beadhs Determine’ the number of ‘types: of 3 . system of the ver order. . 
LE ee A system of the fourth order contains: 4 indices. These’ four indices may 

; = occur in the. following ways 2°" area, : ; 

ee AN of them are ‘lower Be, | ee : 

= aa: eee gare 168s upper... . Paes @ * “Ane a ee 
- ao (3) one of them is upper and the remaining three are lower 

ba, US (4) two of them.are. upper and the, remaining two are lower os : 
eS (5) three of them are pEper and the remaining one is lower. 3 -_ 


}. wc: Thus there are. five types. of a. system oF the fourth arte namely Aig kis 


eel a aj paises and atih, : So Lah 7a : ie ‘ ‘ - 
3 Express the sum 2 Ss oe a,4,¢tuiuk by using. summation ~ 


P cae ea te hyif tgs {P= lye eel ss Se re ge ; 
aoe convention. aed ies gies Lig Ee, ER * 4 he Soe | 


Since ‘each. of the tages 4 7 ke occurs twice, once as lower index and again 


as ‘MBPer index, the sega! red i oe is@, i geod ui e 


Ase aie all ces terms in the sum "bg gutvi ae in summation | 


f 
; convention in which each of the indices takes values from, 1 to 3.-- ; 5 
: “Since, both. the indices 7 and j are dummy . a - 3 me ie t 
: ee bi jutyd = Bo) ae by jutyd . 
eS a = “mr ea Jd : ft 
tee te = PWenuivr+ digutor tds gurye). ee et ie : 
: ; i ‘ zt, . E ci i: he i EX 1; Ss aa ts iy ey ; ak: : we 2 : ee ae Belt i 
| aj f one i : at oe x 
2 . = Zips v4 Pheater + Boi guey® . 
: ie a cS Soe is ian ow Daya uy +B. uby a) 4505, tbr? :Disist0% a ee wee) S 
" : TR a oe gs ie ie eee Sir ies acemm ere, +, aur eye “E33. 324? D. Pt bag8 0): a 
cette aot mee ore Re | Es 
| * ten ate » a by oH? vw? Moy vata ty at? gy i os rot = TES fs : : a 
Ee x 8 J Byatuate Se: ee 
a By st és in. 1 which the’ indices take all valves, ftom 1. ton ae 


+ Wenave, seapm sho} ogay. ib hBESy 


+ Se Se ye ee, 


“gist 318) eee 518) 


Sy 6hHOE 0s = 6 ts he bce : 

atbus s18t=d}- ne oe eye for aly, fe 

+ Similasly. O7O5 =53.. se S ae _ (a, Pr r e 
. ‘ See Py ce me : eee! ‘ pve 


| ondr oe ee aaa) Da Ree 
From the’ equations. (1), (2) ow cee ; _s (7) | it follows that oy a8 Ee a eZ 3 
a gist 53 ie ne - ho: | is ie Sete eat 
6. Piveiaare Spota,, (2, 7,2, ae ee eee oar ae oe sds e, | 
We have, O88 1a pg =Shanj ee - Pay, 7 ae > att eee. a 
" | Saggy * “fy Wey) 2 ee YS ets | 
2 aie EY: ¥YTy: where the. indices take all values from 1 to a. . oor oe : 
We have, 8$3/8f— S43) [by Ex 5} 
7 me BE elby xB] e O88 ONE 
8. lfxi=aiy? and zt=9i2%, showthat °° 
G & 1 st mblapyd ; . 
‘From et te we have : 
et =etyp oes (1). 
; . Hence, t= biagy» _ [by (2)] 
ye ce | [Reviseing ‘the dummy indices g yand bys aud 7 
respectively] 


a 9. Evaluate egje® k, where €¢j and etd are e-systems of the Seal order. - 
We have ¢gje%*# =e, jgelk peg pe2k ees Pe O45 gig Ne OS gh a 
When j=, say 1, the right hand side of (1) 
ag eae cigar +e,,€77=0+(-1)(-1)=1 [ by-(1.9) aha (1, 107) 
Similarly, when j=k=2, the right hand side of Q)=1 | : : 
‘Thus, when j=4, eg ge**=1 © aoe (2) hg kOe i 
Again, when j/sé%, say j/=1, k=2 ory ja, k=) | 
the right hand side of (1I)=0 - 
Thus, when joet, egge**=0. (3) 
_From (2) and (3) we have ée,jeté =8h 


10. Nba, gx? x4 =0, for all values a the independent variables tS. Heath aoe | 
sand: @p,'s are. constants, sbow. that Oi g+agg= Sate LS PS ee 


D ifferentjathig a. get a er op with respect to x we.get ”. 


a, «ep dZe ba. wade? BE yt, ill Oe GO Rs | ee rg ae SE ne 
be ors el pes o- Pe a Cts ee 
nae SS: *oeelOLrapyat3h—O . ‘toy a: 2) 2 ee oP = ee ibe 


& 


Petts: EWP pectin ROSS. aa 
2 oy 2 ves yf - 
x Sd 4 oe ee : M3 


va 


> Now, ee oy with respect to xi we. get. ie 
oa taxa : eg 
aaendies presi ees 
Of Pie TE [by (1.6) and (1.67)}. ; 
AL Tfi a} | =| at a} a} ‘and: [ be | = “Bt Bt ae ry 
al ~ [GE aes 82°02 OR) bk 
a ai a ai | 2253 23 


in’ summation convention : 
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OT, a, aki a eed. (3) iby L.6)-na (69): 


Show that | 2? | | 44 | 


t¢—gqts)P 
where ¢),=@ neni 


ch we ) . 
ae 

=(@kms | 2% | Gk OOS | 
—=(e¢s, afasa toh ones 


m5 5 (@Po ad UM (abb8) 


we have, | a? | [ ‘8 


[by ( 1:21)] | 


=6 45 ,chcbc§ [by (1)] | 

= fet] [by (1.19)] 
Note. The above result can be stated as follows : - 
| fat | 1egt= leges |. (2) 


It is to be noted that (2) is the well known result on multiplication of two 
determinants of the third order. 


of this well known result. 
“EXERCISES 1 
1. Find the number of components of a system of sixth eitez 
in which each of the indices takes values from 1 to 7. | 
2, Determine the number of types of a. system of the fifth 


order. on Ee Fi 
each of the following 


3. Express 
convention : | és oe. _— 
@ 2 2 aeaul, Ge Ae Z aypsujulul 


Ay. Write all the terms in each e che following sums 8 expre’ ssed 7 


rn oe | 


G@) a; ix bc el; an nn ee ee cases ee 


(iii) A ne te ae A k= ot 2 a ee am the euaty reo ae 
f % es we 1% ‘ z t ree é ‘% a) 


sums using..summation | 


Thus this example gives an easy derivation. 


ae ae Be Byaludte: each of the: following : ee Ra 2 

= 2S @, 82 As! : Sek, Oe 858f AP T. ii) : 

: @). OeF sé i we i oe = AR 

6. “Tf x* =a ‘ye and } yt om Bias, show that - 

aoe he aibiz” Sera. eas : ; ili 
a TE A=a,X? for all values, of ‘the independent vatiables x* : 


i oo and’ a,'s* are constants, show that - Sg, Hee eI BS RS SS 
Eee e(a.x?, 7) ponies. a Mads oe 2 dyes Ste Badoceg eee yl 


a If a pa rXPIX" = =0 for all values of the independent variables= ee 
XP, 7 +00" and @pqr’s are constants, show that “000. eae zee 
tees = agi 44 j,i t Fini +45 55 +4455 +2; 14.20: . hinge noi PS 4 

7 9. «STE a is a double system such that 4 a,” mas =8%, show that. 
: . 10. Evaluate e;; «é erik ; phere @;j;, and ets ik are e-systems: of: : 


hae: order. : ae ee 
+ 11. Ifa} isa double system which satines ie relation atat., ~ of 
~ | 62, show that either = . at om ny: 
ae [ay—ar | =0 or, [art8] =O 0 
Be 12. Prove that @gmne'™®' =| 8m 9h | ; * Sa a ca Sree 

Db = . Ss 88 sie 


m 


13. Show that @jmne'"'a™" =a" *—a’” oe pe P Selp a 
FAYE ae Lf ese | 


po ANSWERS. 


: , 1067%3. & 6; 3.@ a,3,u'v?s Gi) a; geuiuduk. Cae ire 
4. (i) O55 Utbagg gt tere taig us 7 , Foe 

Gi) A) FOYE ee eee | 

Giii) T1114 tutu + Too ot? Uru tT s 54h? UiU’ © wee ee fe oe 

eto Toei tToet Tore t Toni tT ia Pose : eee 

! ACT yaa $a at Tare wu gE 


| +(TyistTisitTsii)e ee? on, a = ee 
+(Loe3tTas2 +Ts22)uuru® ae Sees | 
é +(TosrtTaistTis2)¥” at ali o an . : ; = y i 
: ATs 31 +Tsi3tTiss)¥° uPut eae ac +e eS, eis I 
S Sea | ATS 8% +Ta'ss+Ts'3)¥° ue ue Se ae he ee a tates? : | 

ASB S “eye ee ae ‘Atk 5. Git). ence ba Sle °@) We Tes | 


- : Tensor Cal 2 Dod : ; . Pe 7 Sag - go Ea. Brew : ¥ : : _ oS eo . | 


ne 


eS ek co : : = —& j : 2 5 Ms 3 a oe z a8 i Bs : & 
I ‘ : = — — = aes - fo a a RO SR hi rg 
f - a “ey 
i ; 2. : 


ce :  sganiduced 


: sane ote es 3 $3 


es PE - CHAPTER r . 

TENSOR ALGEBRA IN DIMENSIONAL SPACE 
a. 0 In Chapter I the notion of systems. of different orders wa ea 
It.may be recalled that in Chapter ‘0 some systems ing: 
a 2-dimiensional Euclidean ‘space: were called tensors with respect’ | : 
~to orthogcnal transformations of coordinates of EF, when. their: 


cone "components transform according to specified rules. on transforma- | 


tion. of coordinates from’ one coordinaté system to another. ‘It 3 
caay “be further ‘recalled. that in Chapter O it was also stated that.’ 
<tensors could be. similarly. introduced i ina general space with respect ; 
sto its. transformation of coordinates. This.statement is illustrated. = 
in the present ‘Chapter for a ‘type of spacé call ed 7- dimensional - 3 
space by. defining systems of. different orders in it as tensors: with , 
sespect to its transformation of coordinates when their components a 
transform according: to. specified rules. In fact, in this Chapter we 
develop the algebra of tensors in an m- dimensional sapeee ‘the 


definition of which is given in the next section. } 

T1 n-dimensional space: An ordered set ee n- teal ee 
De eee oe -x" is called ann tuple. of real numbers and is denoted by 
— Axt xtseex"), The set ofall n-tuples of real‘numbers is said to.” 

form an n-dimensional arithmetic continuum and each n- tuple is 
called a point of this continuum Such a continuum ‘shall be 


Alenoted by Si. Sometimes | an S, is called. an n- dimensional space 


—_ 


Yinear space. . | 
. :For developing | Be algebra aa tensors in an. S, it is assumed | 
_ that a coordinate system may be set up in it in a-certain manner. 
‘This implies that coordinates (x7, x7, + -x") can ke assigned to every 
‘point in S, with respect toa pee coordinate system establish- e | 
ang thereby a one-to-one correspondence between. the: ‘points of Sa ; 


= * -and sets of all coordinates like (x?, x, - ene eM) 


ee if cae. x? +x") are the coordi ae 

ES nates of a point Py w aes 

GE a e - shall write ©" 

fy ie e€ 

nh hat x‘ are the coordinates of -P. The. corresponding. Coordin: et 
Bs system shall: be e denoted by (*"), | ce ge eee inate ad 
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™ 


Y I. 2 ‘<yansformation of coordinates in S, 


ete SD 't 


“Let x* be. the coordinates -of a point P with respect to ie Hee 
Taedionte system and ** be the coordinates of the same point with 


-gespect to another coordinate system and let thet two systems be oe 
-aelated by the equations . 


xe — On *(x*, ee 3 x"), i <i. 2: Hl ee see an 
where @* are single teen ‘continuous functions of xt Xx" and 


, «have continuous partial derivatives uDeS any. desired ee and . 
>> further the determinant 


a 


— , aor aot os 
7 | oxt aan ox? = “Sy | 
| 8G? aor Pee aa we 4 
: Oe ¢ soa . (2.2) | 
; Ra ae , 


: : 
This determinant is - Gallled the Jacobian. of the transformation Hy | 
| 


[ao*| |axt | | 0% | 
(21) seid Gy Acneed by | axe | | att or, | ox |" In see 


3 of (2.2) the functions ¢* are independent end the ‘equations 2. 1) 
can be solved for the x* as functions of %* BENE: van 
xt me WY it, HR RB") i=leen (: 3) 

- The relations (2-1) and (2.3) are called a of transforma- 
tions of coordinates of S,. They help to determine the;coordinates 
of any point of S, with respect to one coordinate system when.the 
coordinates of the same point with respect to another coordinate 


_system are known. There isa relation between-the Jacobians of » 
(2.7) and (2.3) the exact nature of which is given by. the following 
theorem %. ee Pe 
: Theorem p> ral Fam G8 J ate J' be the Jacobians of, the. transfor- 

? mations (2.1) and (2.3), then JJ’ =1, | - 
7" Preof, - Since %#’s are independent and xs are also independent ane 

-. functions of the x*s, by the formula of partial differentiation and: 


e summation convention we can write a ‘ ears me 


te 


ae Aes TENSOR CALOULUS. 


The mpplonahrces oe: 
ae hin at a 2 Yi 
. Agia 


nd ype 


ee ‘ axe ax? a pat .. ‘ oy eh ees pe 
Ce eS “i ek x? BEL? ” Pby (LA 


axe 


ae nee Hence | oF {| = : Be S| by ( (1 23) 


ra. 
Fang hy 


a 1= ox" a 


“lax? ox3 


ot ‘3 1 ass | [" jo 


Soa a a et ten wns try corey cn mip 
comets BF Saye that aes noc rai nie 
By < 4 * 4 te s 

/ 


ae 
oe 


ie 
m= 


This completes the proof, oe fest: Mi, SM _ _ ~ 
“". Note 1. Since //'=1, T 30> el ae a 2 
Note. 2. Side by side with the equation marked oF an asterisk, namely 


pe teeny 
gare bi pier is bate 
ee CenleeE Hed Uln 
ware : 
i ji inf 
« Sal tg 


aman ere 


gee gy 
- ‘ 


‘a ax ax eat me 4),t there i is another similar equation, om = 3} ---(2.5), i 


: ‘Ox axis Xi 2B axl 
4 : Both these equations will be’ fequcany used i in the socks The reader will: 
‘S “therefore find it useful to remember. them. 7 bs aa ae | 2. 


eae In. Chapter 0, tensors in Z, have already been shown -as. generalizations: 
; , “of vectorsin £,. It will be shown that in Sn also vectors and tensors may be. 
‘| . similarly:‘treated. Accordingly, we begin our mdiseuaston with invariants and- 


vectors of Ss. 


“IL. 3 invariants aga vectors 

; “i Tnvarients: 0 . 
= es : Let ¢ be a function of n coordinates x‘ in a coordinate system 
= ; (x) i in Sn. and ¢ @ be its. transform in .another: coordinate ‘system: 
ies ; (%*). Then ¢ is called an ‘invariant of S, with. respect ‘to the 
transformations (2.1) if p= od. hse fee Ss (2. 8, 

‘ Note..-An invartant is also called a scalar, : a 
“a. - Let be an invariant of S,, Then ¢(**, eK) bagi aes : 
mee an a 4 = oly *(*, RE) PN [by (2.3)] ol Sete, oe 4 
a From (2.7) we have rr a a. ee a eet et 
ce ad _ ab ax) ax! ag 


ghee. SS o Sci oat” aR Ba ae 5) ee Ros 


iE Tt 
Ps peers 


eT eV 
Ras ARGU nate phe care! is 2 wet Te 
14 abe aa 
: ol 4m a 4 
Sohn ’ wt 
o 


y, 
ee 
o 


- pule indicated by (2.8) leads to the definition of a covariant vector 
+ 0f Sys | eS 
i) ~=Covariant vectors ¢ 


1 gHNSOR ALGEBRA IN. M-DIMENSIONAL SPACE “> 


é Let A, be a set of m functions of m coordinates x* in a given 
coordinate system (x'). Then 4; are said to form the components _ 
of a covariant vector if these components transform according to — 
the following rule on change of coordinate system from (x*) to 


another system (**) S - .* 
See OF | 
c ie oe ee Aj , as (2.9) 
According to this definition the quantities 2, considered above, 
form the components of a covariant vector. 
This covariant vector is called the gradient of ¢ and is denoted 
by grad? or, V¢. = eee | | | 
The formula expressing the components A; ina _ coordinate 
system (x*) in terms of those in a coordinate system (%*) is obtained © 
as follows : . | 
| a | eae | 
| Multiplying both sides of (2.9) by ie we get 
OP Bon ON” ORT ge 
axe“ ax? axt~* 
= 55 Aj [by (2.5)] | | 
< =A, iby (1.5 1 . . . Pe 
A Hence the required formula is _ be oa, 
; nxt _ ; ra . se aes es ri 
Be Are. gh aa wn St ee: 
PB : Ox si \ (2.10) 


[See Note 2 of 1.1] vectors with components yz, °defined by [2.9', are called 
covariant vectors, | 


Note 2. It will be helpful to the reader to memorise the rules (2.9) and 


42.10) by noting that in the former case the free index is associated with the 


; ars ; order of type A, and the equation (2.8) shows that these at 
~omponents transform according to a certain rule.on transformation . 
of coordinates froma system (x") to another system (%*). The =. 


i 


ee o c "with the: unbarred symbol on “both sides. 


ee Tt 
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‘Next we consider the: formula’ ‘of transformation. @ 1). 


“this x we get, 


| {ne ra 


Beer a, kaa ag ax! ax es 5 dx! ; 4 Pe Se 


-by summation convention | iy 
det = OF x3 P | . - as ; "te wee oe in) 


Now dx' may be ee eee as the components of. a system ae 
first order of type A® and the. equation (2.11) shows that these © 
components transform according to a certain rule on transformation 
of coordinates from a system (x*) to another. system (2*)e The 


rule indicated by (2. 11) pean to the definition ofa contravariant 


vector of ne < 


(iii) Contravariait vectors: i rae 


a 


Let At be a set ofn Pinecone of ” coordinates. x* ina giverr 


ae se a te - 


coordinate system (x8), Then At are said to form the components: 
of a contravariant vector if these _ components transform according. _ 
to the following rule on change of coordinate system from (x") to. 
another system (**) : 


te | RF oy “AB eeey. 
According to this. deanicen the quantities -dx*, considered 
_ above, form the components of a contravariant vector. | 


The formula expressing the components A* in a coordinate 


system (x*) in terms of those in another coordinate system: (E*) is 
. obtained as follows. a Ms a | 


ee both sides of (2 12) by.2 on we get 


\ 


ax? = Ox? art 
UAE Batata + [by (2.5) 


rate: Iby (ay .. 


gre called contravariant vectors. 


- 6 it 


. Note 2. The rulés (2.12) and (3, 13) .1 may ‘be remembered ae noting that im: — 


the former case free index is associated with the barred symbol on both 


sides while in the latter case free index is associated with the unbarred« 


? symbol on both sides. 
Note 3. It is to: be 
Beate LOD | oo ge 
vectors and . axt'.where ¢ is an invariant, is the. prototype of all covarian& 


‘« “* 


‘sh 7 


theory-of Sx and it will be useful.to remember them. ; 

Note 4. It is- an important observation that in Sa: the variance (co OF 
= contra) of a ‘vector is a sacred quality which - cannot be changed in_-any- 
; “qesp:ct. We will see in: chapter I{I that ina Riemannian’ space we car 
_ establish: transitions - between these. distinct types of vectors. But in Se it is- 


impossible. — ae cre : . ica’ oy woe 


‘Note 5. It may — asked why there is only one type of vector in an Eg: 
and why such a vector is always taken with a lower index.. The reason is — 


- that due to the peculiar structure of an Es, the two types of vectors behavre- 
in. the same manner under orthogonal transformations [ See worked exampic- 
20 Exercises 2] for which only one ‘kind of vector needs consideration= 

} For convenience, Such a vector is taken with a lower index. 


In the beginning of this section an invariant was defined. We. 


‘now give an example to show its existence. 


Example, If 4t and Bi be a contravariant and a covariant vectors 
_respectively, then the sum 4¢ 2, is an invariant. 


Proof. We have ‘At =%, Aj _* [by (2.12) 1 | 
n. ; ‘ ae ee ss Ks ie 
ana B, - > By Ses [ by (2.9) .] eae Xe 
a a Oe oe ONO OS Pies 
: Bence AY Bi axi 4 pet Be ap ae 
iat, in feet Ox,  AiB = 554i B, L by. @5)3 en 
oxi axe * aor . ee 
; me AtB, CD by (4) 0- 23 6 SRB eS 


= A*B, [ penne the = dummy index k Eby f i Bo 


Ge rey ene el 13)- e oe 
S Note 1. Since a system with upper inaicas only is called a * eontvavariant 5 
"system (See. Note 2 of I.1). vectors with components A‘, ‘defined by: (2. Tale 


noted that drt is bie sietouine of al contvavesiane: ; 


vectors. The formulas (2. 9) and (2.12) play fundamental roles i in the tensor: 


Nee 


~system of coordinates {x'), Then A‘? are said to form the E 

components of a contravariant tensor of order two (or of rank 2) © 

af these. components transform according to the following rule’ on. § 

change of coordinate system from Co te another raveeem ie oe : 

eames oxt ax! 4 

Ae4 => woe Oy 14 = 

ox*® age | 2% a . 5 Bor oe ; f 

‘ . The formula expressing the ecmbandite phen ina coordinate’. = 

ate - -system (x*) in terms of those i in- another system G) is obtained as. 

| follows * ee : ° a ae | - c . 

es / Ox” aes : oie : 

| Multiplying both sides of (2, 14) by” BF a BRE we Bet see ‘ 

ee aa" ax" ati = ax" ax? oF oxi an at hee 

a ox" ON O%* Ako Ox* Ox? : a OE 

- _ ax” ak* ax® Ox? skp 

: | OR* ax*® Ox Ox? . e., uilhs ie te ee 

= 37 88 Ake Eby (25) 7 6 8" » a AGS 

=A’s — [ by (1.7) and. (1.77 V7 4s ee, ee 

7 a8 ‘ 

; OX OX hee - | ‘ 

Fo JO j = 

Hence, 4 agi oxi 4 - 2. 15) : 

“The following. example. shows the existence of a contravariant.. : 

= skensot of second order. a7 7 | | oe 

Example, If 4* and Bs are two contravariant vectors, then the ne : 

oe quantities AtBsI are the components of a contravariant tensor of order two. 3 f 

Proof “we have Af -& Ak and Bi = 2 b 12) Spe 

 gtence AtBia OF" ge OF py OF eF A*B? : 
Fe Be i. Oxt - axe axt ax? 


cna 


: This completes ihe ‘prooks in virtue. of 2 6) 


_ order two in S,. 


40.4 Contravariant and covartaiit tensors of order two a 
~@. Contravariant tensors’ of order two ? 


=< ‘Let A*? be a set of n? functions of n. seordinatee x* in a- given 


Le Oe ae 
“In the. next. section we consider systems ‘of onde s two. sof tybes \ 
: . ast -and Aggy and define contravariant ° and covariant 1 tensors S of 4 


eects WT RUT IET vias ven 
> Spine A i ee Si aa 
Na 


oe “manson ALGEBRA IN. n -DIMENSIONAT, SPACE 


k 
ee Writing AB? -C p and ABs = <a the: above relation: can: be 
y Ex written as 8 ae de ROD Eigen eee ee San ar Pa gay Saco! 


- Herice in virtue of (2,14) it follows that cH or As, Bi ara sre 
components of a. ccntravariant tensor of second order. » This 

_ completes the proof. ie, 23 ae re ie | 
Note): Ss -conttayani an “tensor of order + may be similarly defined by: q 


considering a system of order r of type Airitaeaty 


Jf 


(ii) Covariant tensors of order two ? 


. Let A,;; be a set of n® functions of n coordinates xt j in a given 4 
~ system of coordinates © (x?). Then A,; are said to form the 
~. components of a covariant..(ensor.of order two (or of rank 2 if — 
-these components transform according to the following rule on 
change of ccordinate system from (x*) to another system (%°) : a 
os k - | ‘ 
Appt ag ee Og OO) 
Note 1. The existence of such a tensor may be sheen by taking two 
covariant vectors 4, and B; cand proeceding as in case of the example of (i). 
Note 2. The formula. erpressing the csmponents Aig iD a coordinate : 
Ses (+?) in terms of those of another system (z*)3 is as follows : ay 
p. Ape Sass a (2.17) 
a : ax? ax . | ; 
. _Nete 3. A covariant tensor of order 7 may be similarly cefined by 


-@ 


a 
ie 


considering a system of order 7 of type 47 ¢ 007, = 
In the next section « e consider nized systems of order, two of 
type A‘ and define mixed tensors of order two 


VHOI.5 Mixed texsors of order two 


Let Ai be a set of n? functions of n coordinates. x‘ ina given - 
‘system of coordinates (x‘). Then 4; are said to form the of 
d tensor of pales 2 (or of rank 2) if these ff 
components transform according to the following rule on change. § 
of coordinate system from (x‘) to another system (*") : SP ee 
Af me OFF ARP yg 218) | 


components of a mixe 


‘A exe BOOK: oF ‘TENSOR 2 OALCUS Fae Senne a 
the = ‘existence - Of: ich. a “tensor: may. “Be shown by: taking a Ae 
- contravariant vector A® and a ‘covariant vector ‘B; and. proceeding, a 
“asin case of the example of (i) of IL. 4. Ce ee 
Note 1. A mixed tensor of order two is sometimes said: to be a mixed ? | 
“tensor of second anaer with fi rst order of contravariance and fi ist order th hae | 
covariance, gx a | ry: Pa | 
‘Note 2. The. formula’ expressing the components At ina system (as) i Ine? 
j pi 
| 
| 


: ter ms of those i in another system a ay is as follows : 


 Oxt OF gz, ge 3 ee ee et 
Aj eB) 


In the next section we consider a system t third order of 
‘type Ai , and define a mixed tensor of third order with first order | 


ry 


‘of. contravariance and second. order of covariance. | 
ILé Mixed tensors. of third order with first order of ‘ contra- 
-yariance and second order of covariance Soy? eh Oe. 
. Let A}, be a set of n* functions (see I. 1) of n coordinates | 
“x* in a given coordinate system (x*).. Then Ai, are said to form 
the components of a mixed tensor of third order (or of Fank Bye 
; wie first order of contravariance and seccnd order ‘of covariance a 
if these components transform according to the following rule on 
change of spe scinaies from the system ( (x*) t to another system oe 
The existence of uch a tensor may be cee by considering’ a: 
ant vector A and two covariant vectors B; and C, and- 


contravari 
proceeding as in case of the example of (2) of section II.- 4. 


The formula expressing . the components Ax, in a coordinate. 
in terms of. those in a coordinate system (x* ') is as 


\ 


system (x*) 
“follows : : 
: | __ ax? ax* ax! a 
| Bx? ox? ox 
an the next section we consider. a system of scant ee of 


Wan . 8 <a oe - (2. 21) a 


“ga Pan Ts and define mixed tensors of (s +p) th order OL of | 
. 1 


rank (s+P) . wich s- th order of contravariance. and p-th, order of - 


covariance. Ss ; a Cie * a | ne ae 


id ~ 
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a 


ae her “Mixed tensors oot (ep). th: ‘order with ss th | 
os ae contravariance and PD. th order of covariance - Oy Seema wae sortie of a 


“Let 4; by tert Es bes a set n+p eS 
aes hy of n functions see Ly OE n n coordi 


/ € (res 5 
nates x in a given system of coordinates (x*). Then an ts BE ae 


JxJo ea nice 


_ are said to form the compcenents of a mixed tensor of (s+p): thc der. <> 
with s th. order of contravariance and P th order of: eee e 
these components transform according to the. following tule’ on : 

_ change'of coordinate system fromr(x*) to another system (% KR) 3 


aig 1 op 
i,_ ox e OR 2 ox * ax! axd2 , axte |, t,t ts 
“dda, 
| | | ee . 2. 22) 
Note 1. A tensor of this ad is sometimes called a tensor of type (5. Dp). 
Yote 2,. It isto be noted that the components of a contravariant tensor of. 
order one are identical with the components of a contravariant vector defined 
in 11.3 and the components of a covariant tensor ‘of order one are identical ~ 
with the components of a covariant vector definedin II. 3.0 ‘ oes 
Note 3. A contrayariant vector is thus a tensor of type (1, and a cova- - 


. = 
‘=? 
. 
Se 


ee | axtl axte ~axts gait axe itl», 


riant vector is a tensor of type (0, 1). 
ote 4. We shall agreeto call an invariant or a . scalar a. tensor of order _ 


Zero ae type (0, 0). 
| Note 5. Vectors and scalars of. Sa are particular kinds of tensors of Sp. 
. distinguished from one another by their type symbols (s, p) 

cer 6. The com ponents of a tensor change under transformation of | 
nsor does not change under ‘coordinate = 


coordinates but the entity called a te 


an ange ie 
te 7 It is to be- nated that what was stated about vite variance OF a: 
a tensor: ‘of Sn; 


A of: (iii) - of section 11.3 is also true for 


vector of .Sa in note 
ant tensors in ee is ; 


‘that j is, the distinction between covariant and: contravarié 


gira and cannot be changed in any. respect. 
ote 8. .To obtain a tensor we may’ proceed j in the following manner : 


ed to obtain a tensor of, type (s, p)i in Sas For t 
dinate system (x*) and take a set of nb? | 
We next define a 


‘Let pia be requir 
this we fix some. coor 


= functions At ee bs of coordinates x*-of points. - 


3 air Jb 
With respect to any other coordinate: system 


gD ee 


) funcrigns - a 
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ibe according to the- formula el 22), “Then the: Set. of 
"functions constituted i in this manner form! a tensor of type G Pi 
on ‘We illustrate this procedure by taking n? quantities Aj = 983. ¢ 
a, a system (x*),. where S¢=1 for i=j and 5} =O for ip4j. Next “we - Bo 
oe ‘define m*® quantities A} in any other coordinate system _ “(RY 
a according to the formula (2.18). Then 7 


RY we OF OX? oy, _ OF* ax? Sigs ok [2.22(4)] [by (2. 41 


5 
U 
WAL 
dh: . 
+ eae 
de 
Th 
,) 
be 
{ 
{ . 
iF 


is 
; 

i: 

fi 


o 


Hence, A’ are’ the esi of a tensor of ine (1,1). con 
otherwords, 5} are the components ‘of a tensor of type (1,1). mney 
Further, [2. 22(a)| shows that the Kronecker delta is a tensor of ' 
type (1, 1) having the same components in all coordinate systems. es 
_ ~The tensor 8} is sometimes called the fundamental mixed tensor. 
Let us now consider the other txo ‘Kronecker deltas, namely 
8:;; and 8*’. We take n? quantities Ay j woe j ina coordinate 


"> system (x*). = a te = % | . | 

Next we define n? “quantities Ais? in any other coordinate oa 

i= system @*) according to the formula (2.16). - 
Free k k k 
ye Then, pre a a Sk p= a 57 

"ee = This shows that t Sci ; has different components in dierent co- 

- ordinate systems. The same is true of the Kronecker delta eee 


This is why 6;; and a* are of no special interest. 


tg. 


ie 
~ 
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11.8 Zero tensor 


The components ‘ofa tensor may be all zero in a conikdiaate 
system. The question now arises whether in such a case the 
a ‘components are also zero in every other coordinate system. ‘The 
_folloy ring theorem gives an affirmative answer to this question. =. 
Theorem 2.2 If.the components of a tensor are all zero in one _. 
; ee: system, then they are also zero in every other coordi- ee 
nate system. q | | | 


Pr f. Let the ey : 
00 e components 4", a a nectinsen of type (s, P 


“be oo zero. in a coordinate, hee (**)..3 Denote its ‘component , 


ae 


mane: ALGEBRA’ IN t ERIMANSIO AL SPA oH 


NE 
= at 


in in snot. system ( & ) by: y ai He yee “Then by e 22) we. Sass 


: A dytgv tse xt by . ox 2 ax? os ax a ts > 


oe 7 ea 
a — ae @ 2) 
"Since by the given 1 condition A’ = 0, it follows from, n@ 23) ° 
gitar tis oo, f a _ ; ae . ae . e (ESS Se ? 
= that “jiler Sy Pe ee PEG SS ae 
-This completes the proof, a a oe Te 9 Ges ate aren ee 


This theorem enables us to define a zero ténsor as. follows, 
A tensor whose components are all : zero in every coordinate =e 
} . system is called a zero tensor: _ 7 , 
Two more theorems will. be next ecteeed ee introducing the 
notions of addition’ and subtraction of two tensors of the same type 
| and the multiplication of a tensor by.a scalar. “= Rtg as 


— ‘Theorem 23 Tt Ay wer and Bt — are components of ‘two oa 
cite a Jy° 4. _ 
ee of type (P, 9), ee A He a + By ce are. . the ‘components. 

of another tensor of type (P, q) , re 2 =a 


Proof. Let A Es : ry aad Be oe be the - components: of 1 two 
qd qd. 
tensors: in a coordinate system. (x :) naa. A’ cel and Bi ig: be 
. J °° of J 1 a é 
their components in another system: om | 4 ae 
Then by ie 23) we have, v eo. | a” : Pee ge _ 


wv 


( anc bap o ts) vee (2.2) 


| : af FE. 1 ; e qf 5 Se 
ae - From. @. 2A) it follows that A; a af +B. ae ay are the. Sompes 2 
oe nents of a tensor of type (p, q). This complete the prook.. ae 


2 ‘Note. 1. This tensor is called the, sus of. the tensors AD ae and. Bie 


ee — aed the’ algebraic oper: 


ation , by. which’ this, sum, is obtained is” - called t the ; 
ate addition oft the tensors _ _ ig a Mahan TE et PES SE 


Pe : 
ote . 


> eee 
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A Similarly it can. ‘be prgved that a wea Ty a Pe as 


fee nents GE another tensor-of type (p 9). 


» This tensor is called. the digirence ‘of the tensors dee consideration and ~ 
he sublraction of the © 


“the algebraic operation by which it is obtained 1s called t 

. eo | 7 
_ . Note 3. It. is to -be noted that the- -above two operations relate to tensors” 

at the same point. | oa 
Theorem 2.4 If A ty ae i, Be the components of a tensor of 
7 fj a | | pein 
i vee 

type i gq). and ¢ be a scalar, then * A; ne are the components: 
ae ie | Gest e 


of another tensor of type (Pp, q) 


Tp be the components of: the tensor in. a CcOo- 


A | ‘2: pe” , : 2 
tae Zp. RB 1 are = the compo 


Bebo: L t ai 
e J a | . | | Bebe A oes Siac eneepase ead 


‘oa q 


Ree system (x!) and ary wy be the. ‘components in another 
} l 


Sei 


system (x*), Denore the scalar by ¢ anil a ¢ in the system. ey and 


(3) respectively. IG A 226 


Then we have, 


a ee ee 
rer) A ae P = oe —_—— 
Ji J 4 ax! t “oxte gxI1 ax! « 


ae ee ee 
OF © OF? OF, Oe AM 2 


=¢ . ee 
: ax) ax! p jx/ 1 ox = 


en a eee ro eae a, 

axl gx’ ox’! q a oe 
a ae ~$ A,N jf +0(2.25) 

ox + @x? ars} ox 4 


f 7 
From (2 25) it ‘Stisas that $ A ae wie are ie components of a 


ténsor of type (p; q). “This eninpletas the proof. 
Note 1, This tensor is called the product, of the tensor and ine. scalar 


— ox! 9x ty 9x ya” ax" trot, [by 222°] 


[gee by (2.6) — 


- under consideration and the algebraic operation by. which it is sieathedsert, 
obtained is. | 


- galled. ‘the snultiplication of the tensor by the sca’, ar, 

. Note 2... It isto be:noted that th : 

. c: above O n 
Eo aee c ie ys | peration relates to a tensor and 


ae 


es mee Agepes NVC URERLONAS : SPACE 


we are now in a position , ton introduce: the notionof f equality : 


cof two tensors of the same type. This is done in the next. section. 
11.9 Equality of‘two tensors’ of. the same type 


Two tensors of the same type ate said to be: equal in the same 


coordinate system if their components inthis system are: equal 
each to each, vee me Te gn Se Lites 


oo] 
- Thus if A;\ i ur ‘and Bi ee ae are the Gomponents of two equal 
qa a 
tensors In fe same; coordinate system, then we have 
ipod iyood 
A“. L. p -o a 1” p - 
jivda. Tq 


If two tensors are equal in a coordinate system, the question — 


wees whether they are also equal. in -every other coordinate 
- system. The following theorem answers this question affirmatively. 
\SFHeorem 2. 5 If two tensors are equal’. in one coordinate’ 
system, then .they are also equal 1 in every other coordinate system. 


Proof. Let At” fs and’ Bi - be the. Pempenents of two 
a L 


equal tensors in a coordinate system (x8 ) Then 4° hi? : = Zig 
= Jy: es ae ey 


» ee 7 wo] 
Hence, a _ RF i = are the components of a zero tensor 
J\ ae J i” ‘Ja 


[by Note 2 of theorem 2, 3] in the coordinate system (x*), ‘Therefore 
by theorem 2nd the difference of the two tensors under considera- 
tion must be a zero tensor in every other coordinate system, This 
means that the tensors are equal in every other coordinate system. 
This completes the proof. js 

In virtue of this theorem we can define equality of two tensors. 
of the same type as follows : 

Two tensors of the same type are ae to ae equal if dere com- 
Bonents are equal each to each.in every coordinate system. 


“Noo 


. The order of the indices in a tensor is important. : For example, 3 
“Consider the tensors 4/4 and A/', Then by Note 28. Theorem: oe 
2.3, Ati git is also.a tensor. But this is not, in general, a zero - 


tensor, ‘Hence the tensors A‘ and 4/* are not, in general;- dal: 
“Vanes where Ati «Astor Atm —Al* are of importance... These 


f 


\ 
f 


ey next section. SRS ae oe 2 fee ie 
Ss ai 10 Symimetric and skew-symmetric tensors oe ee se 


- oe ae os ) . Symmetric. tensors : 


of Tf inva coordinate eystenn two contravariant or covariant indices: a 
Se of a tensor can be interchanged’ witkout altering the tensor, then. 3 
“S  Gtis said to be symmetric with respect to these indices in. this co. 
- ordinate system, if 
The following theorem shows that as property se a eiass 
' with respect te two contravatiant or covariant indices is indepen- : 
dent of the choice of coordinate system. _ ar a = 
_ Theorem 2.6 If a tensor is symmetric with respect ‘to two” 
- contravariant or covariant indices in any coordinate system, then 
it remains so with respect to these two indices i in. any other co. 


ec 


ordinate system. 


Proof. Let us ‘first consider a -contravariant terisor . of Bie 
(p, 0) whose components are Abttarte in ‘a-coordinate system 


iach 
(x*) and Abita lp in another coordinate system. (Rt)- 
Let us suppose that the tensoz is ‘symmetric in fhe indices. iy 


and i; in the system (x‘). 


| i er, oer | yr ee | 
Then Ai a eae ihe a ae 


pila deeded (by 222+: 


ooo OS poe ee ee ee es Jp by (2.26)] : 


: at ba beet art Ey tly bes ; 
: This shows that symmetry with respect to 7, and. i, also holds 


3 Me in ‘the system: (#*), Similar result may be obtained by treating the- 
case’ of a ‘covariant tensor or a mixed: tensor. This ‘completes 


See Sorat Ae = we 


uae proof. OF Ghd GH. ee en oh Mino Ponies een ee ee ee 
In virtue of this theorem a symmetric tensor’ can now be dafned 


bes ia = Wie . te “e 


es as follows : eee ae Corea OS e ea, 2 Sa co ees oR Beenie ee ee 


J Mpefinition of a symmetric tensor ; : acti Sy 7 
TE every pair: ‘of: contravariant: or covariant indices: ‘of 3 a ‘tensoe 
can be interchanged without altering the tensor, then it is said. to. 


he SY pmmetric in every pair ‘of such indices of simply symmetric, . 
Note. Itis to be noted that symmetry cannot, 


in general, be. deflne d tee 
a tensor with respec ct to 


two indices of which one is: contravariant and the- 


other is covar iant. An exceptional case is provided, however, by the tensor $F 
which has the interesting property that it is symmetric i in Zand j and this. 


symmetry is preserved under coordinate transformation. 
holds can be easily seen as follows : 


Wehave 5$=3f (2.27 | Pee 

Hence’ $$=§) - (2.28) [ht 8s = 31] ; 

The-i Peeratee property stated above isa consequence of. 2 27 
and: (2 28). | — | is oe 7 os 


That this property: ~ 


4 fae 


ii) Skew- Symmetric tensors : 


rr 


If by interchanging two contravariant: OF covariant indices of: 
a tensor in a coordinate system. each of its - components is altered: 
in sign, but not in magnitude, then the tensor. is said to be skew- - 


symmetric with respect to these indices in this- coordinate system. 


Te can be proved, as. in case ‘of Theorem 2. 6; that ifa tensor is: 


fee -symmetric¢ with respect to two. contravariant or covariant: | 
: indices i in a coordinate system, then it remains so. with PEspect to: 
_ these indices i in any other coordinate system. _ 


In: virtue of this— property’ a ‘skew-symmetric tensor can be 


defined as follows 3. 


om Definition of a skew-symmetric tensor : 


Ag 


If by interchanging every pair of contravariant or ‘covariant 
indices of a tensor, each of its components is altéred in sign, but — 


‘not in magnitude, then the tensor is said to be skew-symmettic 1 in. 


oe every pair of such indices or. simply skew-symmetric. 


Ve covati ant. 


“Note. — It is to be noted that skew-symmetry cannot be defined for a tensor 


with respect to “two indices of which One is contravariant and the other i iss 


- 


- The importatice of the two 5 aes of tensors defined in this. section is s due tow 


nee the following theorem : 


| Tensor Cal—3 - 


ee Sere A TEXT: ‘BOOK. OF TENSOR CALOUBUB. 


lpheoreit 2. 7 The: chonponense: a a tensor lof eype @ ‘2% ‘can ni be 


a : ects as the sum. of a symmetric . tensor’ and. ee a skew-syimmety 
a tensor. of the same: TS DOls yo ine 2 is Aig A AAR AEE 
| Proof. . Let a,;,. be .the components of ¢ a tensor of type (0, : 
- Me can express G5. as follows. Bee Hie Berm, eae 
s er Gag = Has; +a; %)- +O; — 43 i) 

oh _ a Aes BiG i ae 

“2 _ where Az, = 4(a. ‘5 ; +a; i) and By = 2(4;; ' n= a | 


“Since a, ; ; isa tensor of type .(0, 2), 4 .¢ is also a. ‘tensor of oe 


~{0, 2). Hence by Theorem 2.3 and its Note 2, both Ags and B.,., 


are tensors of type (0, 2).. Since A, ;= A; = ca Bg Bi, he 
-tensor A, ; is. symmetric ‘and the tensor B;; is _skew-symmetric; : 


| “The proof of the theorem i is thus complete in victoe of (2,29), 


ae This theorem is also true fora tensor of type (2, Od. 


aL i Outer multiplication and contraction. ies: a a sf ae 
ee ~ 
in IL 8 (See theorems 2. 3 and 2. 4) we. eoneidered three types of 


algebraic operations on tensors, namely eddition, subtraction and — 
anultiplication. by -a scalar. The first. two of these operations on 
two tensors of type (D, q) produce again a tensor of type ( Py 9) and | 
the remaining operation on a tensor of type (Pp, 4) produces again-a | 
“tensor of the same type. | Thus the rank | of the tensor produced © ( 
by each of thése operations remains the same as that of the tensor 


or tensors en which the operation is carried out. 


-which can produce a tensor of higher or lower rank. Two. theorems 


are given in this section to show that the answer to this enduity is : 


affirmative. 


Before stating the first theorem we prove the fontaine result : - 
Hf Aj, and B? are: two tensors of type (1; 2). and (1, Dey 


-:fespectively then .the quantities At ie Bn 
vtensor of type (2, 3) 


Proof. . We have Ai, = ox* ox” OX! ar 


are’ the components of a a: 


Ox’ Oxt jak As ae fis aon 


det gee FP Eby 12.28) 


‘ 


It is therefore. 
“natural to enquire whether there exists an algebraic Operation _ 


eee ee i ‘ 
See eamear a Sain ae 


eo 


BC axé ORE,” 


ont ox” ax. xt ‘ax? ar i ;: Bee 
_ Ox” ax Ri gx* DRY 4n.By Bie 


e “from (2. 9.30)" it follows that. Ai ‘Bm “are the’ components of. a 
on of type (2, 3). This completes the proof, | EE, 
The tensor A? , B™ is called the outer eee of the. tenses eo ae 
| os ad B™ and its panies is higher’ than that of each of the ténsors fram, an 
f ghich . it - is obtained and the operation by . which this tensor = tis 
ft ained iS called outer multiplication. 


_. This result is a Particular case of the following theorem : 


is SE oe 


. Theorem 2. 8 If ay cer and BE i are, components of two | 2 A 
t tensors: of type (p, g) and (r, s) respectively Cr and s ‘hot being ° 
both zero )s then the quantities A, 1 wry B Ky Ky 


are _ the: compo- 


: why Baty ety | i ane 
| nents of a tensor of type. (p+r, Pa 7 a 7 ee: oe 


a 


- The proof can be completed by using ; (2 22) and proceeding | 


~ 


peacely 4 in the same manner as in case. of the above result. . 2 aa 


~ Note, It. is to be noted that the operation of outer multiplication relates 


| Forensors 0 of any two types (the type (0,0) being excluded ») at the same pornt. 

| a This opération is often very useful, because starting with.a- 
: number of vectors A*, B*; C;,: Dn, some. contravariant, others 
| Covariant, and by multiplying them we can . form 1 tensors of higher 
i 


. Tank, such as San ne at ee ee 
Tik- A* BEC. Dye | . 3 


This. . provides us with .an- easy method of formina tensors of 

4 ; higher tank and of any variance (coy Or contra) | 

; _ Before stating the second. theorem we prove the followings are 
If Atj jm iS a mixed. tensor of type (2, 3), then the ‘quantities - 

: Att, obtained by replacing the lower index / by the upper index 

ii ; and. taking | summation over i, are the. components ‘ot a tensor of 

by ‘ype MG, ye | : os ae 


: xt ax? ax? axs ax! } 
x Proof. w we chave, Abin oe ah axe oat Oy! om nd - 


7 ~ ‘s so ae) 


eed ; Seats ie gist 


‘i ata 


7 


36 es Lets - A TERE BOOK OF: TENSOR” CALCULUS 


~ oa nat 
Epa axi axt ax® ax! ADI ‘ 
ax? axt axF xt gma TF 
_ ax? ex*a nxd ox ox! a ox : a ss 
~ Bx? xt exe Oxk am To bese 


"Hence, at: Lin= 


Wr, 
a 
’ 


Maggie [by (2.5)} 1 


_ aXi ax" ax! 49, | 
Ox OF Bam rp | ee 


If we denote AR by Bt, and Aji, by Bi, then the above 
telation can be written as “ ae 
= KI 
|e ie Ls Se yr | OSA) 


From (2.31) it follows sae Bim is a tensor of type (1, 2) i.e. 
Ajjin is a tensor of type (1, 2), This completes the proof. 

The tensor Afi, is called a contracted tensor of the given 
tensor and the operation by which it is obtained is called 
‘contraction. The rank of this tensor is lower than that of the | 


tensor from which it is obtained. 
This result is a particular case of the following theorem : 


i ae } 
Theorem 2.9 If 4,! a are the components of a tensor of 
@@ere d t 


type (p,q), P40, 7-40, then the quantities obtained by replacing 
any one upper index /,, and any one lower index /, by the same 
and performing summation over /,,, are the components 


f 

f 
i 
i 
he 


a 


see tee 


index ip, 
of a tensor of type (p—1, g—1). | 
The proof is similar to that of the above result. | 

| 


Note 1. It is to be noted that contraction is to be operated with respect to 
anupper index anda lower index and not wrth respect to two indices of the 


eee 


samte kind, 
Note 2. Contraction of a pair of indices of a tensor of type ( Z, g) yields 


a tensor of type (#—1,¢9~—1). In particular, contraction of a pair of .indices € 
of a tensor of type (1, 1) yields a tensor of type (0, 0),4¢ aninvariant. In * 


ae 


a ES ae ce, cm 
Se Fee ae 


fact, if we consider a tensor Af, then by (2.18) we have At = 0x* Ox” Ak 


, 


Hence, af = 25 x" AS = Spas rs [by 25] ~ 


=i | ax® xt 
== AK = At, 


FO Ie Te tea re mane s ch 


wee 


“TENSOR AUGEBRA | IN | HeDIMENSIONAL, Seach ae 
% at ny ay! “Fa nN : 
‘cporetore the. contracted t tensor “Ab i is an, invariant. ; , 
ote 3+ .Contraction of mt pairs. of. indices: of.a tensor-‘of type Dy 9) yields” 

of type (p-", g— ~ tt). whose rank is less’ than that of- the, poriginal © 


y 


. on by ‘Bt. Thus contr action can lower the rank of a tensor. by, an even 
EN ‘ Vous i" = ‘ 
4, Each of the following algebraic aparations on tensor or ‘tensors, ee 


ae ‘Note 
4 amely (1). addition’ (2) subtraction (3): scalar multiplication: (4) outer ee 
pultiplication arid (8) . ‘contraction produces againa tensor: “' © 

These oper ations constitute what. is called the 7ensorAlgebra of. Sn. 

It is to be remembered . that these operations. are concerned only with 
tensors at the same point. ; or a OO hao Get ape ty ae 
: vil. 12 Inner multiplication | | . ae 
; There is another operation on - tensors sealed inner rayltt-. 
plication. It is not a new operation but is really a-combination of 
© outer multiplication and contraction. Tf an: outer ‘product of two 
tensors be contracted with respect to. an upper index of one factor. 
and a lower index of the other, then a. tensor is obtained which is ie 
~~ called-an inner product of the two tensors. 

Thus the outer product -4; B* of the tensors 4, and Bik. _ when 
contracted for the indices i and j, produces the tensor 4;B’* ‘which - 

is of type 1, 0). . This tensor is an inner product. of the tensors A; 
. and Bik, Another inner product A; ,Bi* can be- obtained “by | : 
a contracting for the indices i and k in the product A,B: se. 

~The outer product A,Bi of the vectors A, and Bi, when 
contracted _ for the indices i and j, produces the tensor A; B? of 
type (0, 0). namely a scalar. This inner product ‘is called the ater 
product of the vectors 4, and Bi, because it is a scalar. It is to be > 
no:ed that 1 in S,, the scalar pr oduct of two vectors is defined for 


LC 


two vectors of opposite variance. 


ALA3 Quotient Law of tensors 


‘From sections II.11 and «It. 12 it is known that the ‘aoc 
We now raise the following 


\ 


of two tensors | is again a tensor. 
N Mestion . . 
wv. If it is known hae the sroduet of a system of pr and 
eae tensor always gives a tensor, can it be concluded that the ‘system 


of quantities foun the components of a tensor ? a 


PoP im Mt 


er : i aS . ‘ : Z . 
geet gees 5 Caen or ¥ : ’ : ae 


: coe oe - ‘There: exists ae ‘criterion by: ‘which’ an, atimative answer ,, 


A TEXT BOOK or TENSOR: caLounus, 
“this” ‘question’ may be» obtained. This. criterion is called; “the ky 
_ quotient law’ whicly plays an important role i In - Tengo Calculus; ang f 
its applications. oe | 
.., The name quotient law is in:a éertain s sense : appropriate ecaiss| 
: the application of this law produces a: tensor from, two tensors just; . 
‘as the operation of division. of two, numbers produces a number,’ } 
-- namely their quotient. fy ms Lvs eee 
At first we ‘shall ‘state and prove ay law for tenseee of rank | 
I and 2 and then give the same-in its general formulation. 2 
/ (4) Statement of the Quotient. law. for tensors. of type (0, 1): 
if relative to ever 'y. system of coordinates. there be a set of § 
functions B, @=1,....n) such that A‘B,; is an invariant for any | 
tensor A* of type (1,0), then B, will ‘form the. gomponents of a 
tensor of type (O, 1). 


Proof. According to the. given. condition, for “any two systems 4 
of coordinates (x*) and (**) we have Rete Roane 


UNE 


vt 


[eee Fanaa Ne 
mal 


vate Dh eee ites 


‘Se AB eat B, ae ee eo ee “@ 32) i 
ss Since ae (2. 13) we a At a the relation e 32) can. » be | 
ae written as AtB, a ode B, ae ae Ales By ; (Replacing the ace ‘ 
"  QxP = ox 3.he Siena Y 

wadices Pp and i by i and p respectively! att a ae ia a: 
“Hence, ( B, -B, atm = (0 Se 328), Mae | 
Since he equality (2. 32a) must hold for Sas vector A ce it t follows E 
oo og Po ne! She my. fe : & ee ee aS 
that = 4 ie. meg a, Sy 2 ve a 

B= aa Sig 4 : ) 
. or, %, agi P (2.33) | | | te 


74 


co (2.33) it ileae that B, are the. components 3 of es | 
“covariant vector Le, a tensor of type ( (0, 1). This completes | the | 


proof. 4s ot, RE a 
. Ai) - Statement of the fay for tensers of fyne (1, 0)3 _. , % | - aa > 
If relative to every Ere: 


system. of coordinates: there be a. “set a} 
A... nm) - such that AN 'B, ‘ts an invariant t for. ak 


~ 


Ernaetions, A oe =] 


~ wENoR ALGEB 


3 jensor By © oft type. ©: ua then: Ab “wild H form the ‘components of z 
geet Of. type. (4, O).°: ait io ee a ‘ sete Br aie pai Due Se 3 nee 
~ Proof, — ‘Similar to that: of case 2 th. : PAS CN wae 


We now ‘consider tensors of rank 25 ete oe 


=. (iil), Statement of the quotient law for cenkoy2 of type 6, 2) ¢ 3 ao é ot. of 
~ if relative to every system of coordinates there. bea set of 
“functions a, (i,k =1sn) such that a,,A'B*. isan, invariant for 4 
any. .contrayariant vectors At. and Bt then ag, wt form thes - oie 
components of a tensor of type (0, 2). te eee ae ees 

Proof. According tothe given: condition, we Ave: ata ts Se 
Qi ad Phone, nek Be | oe 


~ 


no, Os Ga ant Br | Se a “oa 
45 sSey At FE Bt. [by Q13F 


es eT 5a. x! 4B " TReplacing the dummy- 


Satis ray 


: indices i, Ss, ke and q by 8 i, a and k respectively} 
i tae “9x8 ax! 4B ; ‘‘ a: . 
. ; Hence, : Gee a DRE ae) A ad =o. ane (@. 343 
Bde oe hee, | 
_ Since At and Be are. ‘arbitrary vectors, it follows oe 2 34 
| 5 ae ee ax! ae 

ie a . ° a a | ade _ ax? atk . a C2 . i | 
i es 
Fiom (2. 35) it follows that @,,:-are. ee components. of a tensor: 
of type 0, 2). This completes the ‘proof. a. as." « ac meee 


(iv) Statement of-the Jaw for tensors of type (2, 0): . 
gif relative to every. system of. coordinates there be a set fofe i 

| functions atk, k= Ln) such’ that. a** A,B, is. invariant, for™ | 
2 arbitrary covariant vectors A, and Bu then atk will form the’. 
Components of a tensor of: type ( (2,.0). . ; | eg ae es ae aa | 


aes ; Proof. Similar to that of case (it) USERS ESE ese et 


oe 


A TEXT BOOK OF TENSOR CALOULUS pene aa 


oa 


~) Statement of the Quotient law in general form : 


Sf relative to every sysiem of coordinates there be a set 


of functions aye a iy “B (each of ne indices taking values from 
2° 3 : 


‘1 ton) such that 3 eo 
oe besy ber ty i ; s ky. ky Le ae _— a 
a Al A* A’ ms Bet (re Py I< q) 
Kye, Keay* ‘kK, ry Ie : AY ( 
are Components of a tensor of type ( ae i q—-s) for arbitrary covari- 
k 
ant and contravariant vectors Aj AL ve AM pe By’ 
the functions a3 ‘2 ” k ” will form the components of a tensor of 
1°’ pss q _ ; 
type (P, g). , 
Procf. ‘It can be completed in a manner analogous to that for 


she foregoing cases. 


Note 1. It is to be noted that the ee Ay A‘, “A; os 1... Bae is ay 


tensor of a Reaicalas type with arbitrary oman anes 


wor ie eee a8 i Al A? . AP By : pks 1s an inner handeet of 
kyeok Ks44° ‘Kg i Zo : \ : 
; : : . a “f Tee Os 
this tensor and the given set of functions qii's a 
: Kx 2 eK, an 


- 


la. view of - this the quotient law j mn the general form may be stated alter- 


matively as follows : ? 

(vi) Alternative statement of the Quotient law : 

If the result of taking an inner product of a given set ae func- 
gions with @ particular type of tensor of arbitrary components is 
Anown to be a tensor, then the given functions will form the 
components of a tensor. : es | 

Note 2. In the alternative statement of the quotient law it should be care- 
fully noted that while taking an inner protitict with a tensor of a particular 
aype, the components of the tensor should be aupilreny and mus! mot possess 
any symmetric or skew-symmetric: properties. 

Note 3. Sometimes the quotient law is called the guotionz theorem, 


; Quotient law has many applications. One such application’ 
ee provides a way by means of w 
. may be obtained from a symm 


hich a symmetric tensor of type’ (2, O) 
etric tensor of type (0, a 


This is. fonsidered i In: the next section. 


, then 


x 


a 
RES STORE REE, Be seed SSA OE ST 


ES eps Scena ge Sh Bits Ey , 
TENSOR ALGEBRA IN mpuiensiowAan, PACH 
OC Caed w-..6 , 


ae 14 Reciprocal;tensor of a tensor a ee ea ee mt tira” 
Let @, be a . symmetric. tensor of type “©, 2) satstying the: e 
condition aie anes : 2 : 
| ax | 0 OS rede a (2.36) 
We denote by | bts the cofactor. of aus, in | as; | divided by 
| Ai 3 } | | ee es % : 
i ex, bt? cofactor of a4 5 ms Lead ar BT 
ee] | a;; « pa ie 


Tt is known from the theory of determinants that in. ‘virtue, 7 
| és (2.37) 


A 


a,,b**=1 when kaj ae 
‘A =O , kw@f, °° | — 

Hence, a; ,Dt* = 5h Yee Pa ae (2,38) - 
Let D* ie an arbitrary contravariant vector and let B; ~a;;Di, 
Then by I1.12 it follows that B, a vector. This vector is 
arbitrary because D* is so. | es iz es 2 

Now, B,b*# =a, ,Dib*! = Dia, be abi. 2 [by 12.38) 

: | mpe. °° 


Applying quotient law in its Seances form (vi) to ns equation 
B, ,5* k=D* we conclude. iis i x 
type (2, 0) - 


The tensor b** is aurninerric because « a, _is so. Thus from the 


is a contravariant tensor of 


%3 
symmetric tensor a;; of type (0, 2) we get a symmetric tensor bt? 
of type (2,0). This wae bt | , 
of ay5. | 
Similarly it can be shown that from a symmetric tensor cid of 
type (2,0) satisfying the condition | c*i | 40 we can get a. 


symmetric tensor of type (05 2) which is called the reciprocal 
densor of c*4, | | | | 


is called the reciprocal tensor 


Tf b*3 is the reciprocal tensor of eis the guescion arises 
whether a;; is the reciprocal tensor of b*4, 


It is proved below 
; that the answer to this question is affirmative. wy hea oe 


+ The left hand side of (2, 37) has been éxpressed. as a contravariant double _ 


system, The reason is that although at the moment it has no tensorial.” * a 


oy ‘Significance, it will be proved a little later that 5*7 °s are in fact the COMPO. 
 Ments of a contravariant tensor of second or eet 


_ 
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Fy 4 3 ’ 
+ * par ee 


“Fre rom (2, 38) it + follows that. 
1463 cane [= fen Iby (1:25) ° 
"Hence, i Bee i 0 ei Rg eee Ee a 


eae of bis in | pei [ 


he * 


Tet C*63;= ms ea ial 

| Then, ¢, ,0°* =1 when k=j a : a r 
_=0 when k5</ | ne SH ty 

Hence, cy, 0°*® =8h a ae, 

Multiplying both sides of @ 40) by ar we get, . 

| cy jb'¥a,, = Shay, | : 

oy ee8heay, 2. My 38) atid 1a é)] ae 

Or, C,;=@,; . > by a. Oe Soe a f ‘ 
ie. Cig es — erie a 


Since c,; is ds reciprocal tensor af Bes, it follows from 2.41). 


‘that a;; is the reciprocal tensor of b¢5, . Thus: we have proved 


that i if b*5 is the reciprocal tensor of @; aa then a a,; is the reciprocal 


tensor of b¢?, Hencé we may. say that a; ; and b! : are mutually 
reciprocal tensors if the relation. (2,38) is satisfied. - 
Note 1, It is to be noted that a tensor of the second order like ai; g-Or. cts 
has a reciprocal tensor if its determinant is not zero. 2 - 
_ Note 2. Mutually reciprocal - tensors are sometimes “éalled ees 
conjugate tensors. -_* 
Note 3. The pecinroen! tensor of a tensor aij spouted. not Ke expressed i in 
the form a*d using the same basic letter ‘a’ but should be expressed _ in the 
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form bts. using a basic letter ‘J’ different from the letter ‘a’. “Similar remark ast 


applies for expressing the reciprocal tensor of a tensor bis, 


In the -next section we ‘consider a kind of skew- symmetric tensor of type 
(0, 2) which. may be regarded as a generalization of the notion of the cross — 
product or vector product of | two vectors in a, 3-dimensional ‘Euclidean ~ 
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“From (2.44), it follows that A; B; is a tensor oh type (0, 2). 
Similarly 4; B, is a tensor of. ple ‘0, 2). “Hence by Note 2 of 
theorem 2 3 it follows that A ~B;—A;B, is. a ‘tensor’ of type. 


(0, 2) which is’ skew- symmetric in: virtue of (2. 43)... This skew- 


symmetric tensor 4;;. is “called the cross product or the vector 


- product of the vectors ve and By: 
‘Since the maximum number of arithmetically different compo- 


nents of a. skew-symmetric. tensor of. type. (0, 2) in S, -is. in(n— 1), - 
(See Ex. 6of Exercises 2) the maximum number of arithmetically 
different components of A;; is. }n(m—1). .This number is>7_ 


_ when n>3. But for n=3, this number is also equal to 3.. Thus 
in Ss; the maximum number of arithmetically different components 
of the cross product of two covatiant vectors is 3. ‘Again in S, 


the number of components of a vector is also 3; It is due to this . 
_fact that cross product of two vectors in S, assumes special 


importance. In fact, in III.17 it will be shown that under certain 


conditions the cross product of two covariant vectors in Sz; may be | 


‘represented. by a vector in the same space. - The cross product of 
two. covariant. vectors, as defined above; may therefore be con- 


“sidered as a generalization of the cross product of two vectors in a 
3 “dimensional Euclidean sbace BS 
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| j=2, on, - Show that the components At | in any other system cs ) : 


- a are given by 


A* = eet i =I, Bren, ; | . ie 
‘Since At are the components ‘of a contravariant vector, 
oe have, At - fa" | i, jel, oon | 
CG es ox? | aR @ ae 
=~ 4 —_—_— A® eet eta —__.. A : Cr y 1 
ai te Yom F a ao, 


In the present case dt=f, 4° = Ao ms im AD =O 
| Hence (1) takes the form — : 
At oF A = oe ae 
Ne ek “TE the relation div, =0 holds’ for an arbitrary covariant 
vector y,, show that bt =0. 
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b? =0, b?=0---b =0 —- — .  ) 
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3 If the relation a,;,v*vi =0Q holds for an arbitrary contra- 
variant vector v*, show that a;;+4;;,=0. 
iThe léft hand side of the given relation contains n° terms 


because the number of components of the system a,j is n° pe. 
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two components being 1 and the remaining ‘Beng zetO, from (1) we: 
get @,,+45;=0, Ayg Haq, =O etc. © i 3 | 
-< Thus“a;; ae =0---(5) for ii. Combining @ and © we 
‘have a, pre; ; =O | ae ee | : Ey te a 
: Nees: Ifa; ;utvi =0 for an carbine contravariant vector vi, where ai F- 
. is symmetric, then aii =0. eee |G . : 
avn A. Ifa; vivi =b,; viv for a an n arbitrary contravariant vector | 
2 er ee ee ee 


The piven relation can be written as 
x €;;v'vi= " ae 
' wheré Ce j =a; 5 — 


(2). 
By example 3 it Bee rae W) that | 


. ¢;;,+¢;;=0 - . 
| te eae hae Bs ,=0 bye) 


o 


7 . ae 44H aye = dys $0): | OS 
phi 0 


Vin where o is a aoe ae ee 
- =o5'. 


The given sual can be written as 


= 


If the equality atv; =ov; holds for every covariant vector 


| at; =odiv; {by(. 5) - 
le as (ai — 084). “0 (1) : 
or, as biv,=0- (2) 


where. bi =ai—od} ao) 
. By example 2 it follows from 2) that 
ee oe 4 
Hence a} =08}.. 


AS ae 


aij =0++(4) for i={, We: now’ hi iee ; 
So vl=1, v2=1, y = 0-0" =0. “Hence from (1) 


spleen 


seas ES 


: ‘ 
, 
SITE NEN Fig hen Seek Efi SO PTA EPIRUS TF 


ass 


i aah at hat a ca 
Pee eee 
oS esteem 


pap fo aos ps arora ae 


se ae 


Tahiged wea 


Ny 
a 


poe a Se a at 


me one 


ed. 


teed tesa esas 


RIK RTT Nat 
AB Seat SAPP NONOT 


ae 


agra 


eae atte Pu At POE 
nes ty rar 
Ta TS St 


oat 
comnn ae Se iS 


Pi cinerea aS 


Fos 


is, 


ae TEXT BOOK OF TENSOR | CALCULUS, 


i TaN ae Tess ae setae 
on ‘B,; Fadl se white rp i is-a- covariant tensor, “show that de 
isa ‘tensor. ‘of order 2s a oe eee ages ees 
"Since A;; isa covariant tensor, we: have ii Cen eel a ere Ree .¥/ 


: y . ‘ a é 
: - ° ‘ fe ‘ 5 pa ste - Pa es ee 
a 4 ‘ . 2 Pi 
? 3 (Cra ; Z 
;| F hatte a Z, 
hal ) 7 : Ae 
* q , P & ’ 
jos rene * F * 


) 
3 
oe 
a S 
; bd 
s- 
\ 
ay ree RL 


Zi 
io) 
a 
& 
| 
bs | 
i 
S 
[| 
oO 
te 
S 
LI 
ah, 


as a -* gx* ax? ; a : os xh 


a 


From 2) it follows that Bi; j is a covariant tensor of order 20 


“Te A; bye: a covariant vector, determine. whether e is a 


gn — 7 7" 
Since A; is a covariant vector we have . 
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. Fig. 2 
is 7 (see the components along the diagonal i in Fig. 2). 
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But due to the symmetry of T; 
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J Now applying quotient Jaw to the equation (1) it  followe’ that v 

85 is a tensor of type ga, [See 11.13, Alternative statement (vid) a | 
Aa, Ifa; ; (x40) are the components of a covariant tensor of ue 

or ‘\ order 2 such that ba; C4 j; =0, where 5 and ¢ are non-zero © 

~ scalars, show that either b=c and a,j; is sicew-symmetric | or b= —¢ ‘ . 


and ai j is symmetric. 


a | 
: : From the relation ba; ,; +a; = 0 | Ba gee ee . 4 
we have ba; ; = —°4; wee 7 oa maeey 
Multiplying both ee of (1) be b we get : ae 
b2a; ; = —bea; , = —¢(ba;:). ee eee 
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x4 Wh 
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xe x) Lie Oe | iy 
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ox! ox* i 
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At mai Ai (6) Lb @1: 


Again, the relation A; -e A; takes the form 
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Po TA al. iA; ce [by ol 


he eee EXT BOOK ‘OF TENSOR CALGULDS - Lo 
7 From (6) we hace Be — Bee see Perera Cie ener es 

eae — atl to tana", a mata fo babar, - Pata 
a | ; x “eigiaee tan 4 


eae from (2) we fies < ees . Pe) 
; A, AA + ae PAu 4, a ot +. Fat, oa =a Ay+ 4 ie 
| “Thus we see that both. the. vectors Ai and A; transform in an 
identical manner. Hence the distinction between them cannot be 


maintained. ie awe By 
\og A 21. If a vector has ‘components pom _in rectangular Saat ‘ 
ae | | dt dt. : a 
~ coordinates X y, show that oO are its components in polar 
a aT eg 
coordinates rc0;, | : 
If A? senate: the components of a vector in coordinates x and 
2A ® denotes its Components in coordinates xi, then we have a 
A’  o* Al eee (1) 
ax! sith S : 
In the present case we have a two dimensional space and | 
7 dx dy | : 
= = x1 — = Ve = 2. = 
x} sue y, % r, &? 0, A and 4 ee ‘A 
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a akl 4, fa! ye ardx  ardy A 
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Ata Al+-. A e ay 
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a a ad 
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art dy! dx 
ral dt yan) 
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ee ordinates as | a and # Pe eee 


oe 22, If a; ie By, are. the. components ‘of two symmetric ‘tensors fe 

ts : ae in an n n-dimensional space such that | Be: | #0 and ee 
x jpn 1— 4 e105, 454051 14x75; ; =, ee, Oo 

: e aioe that a;;= Pb; ;, where p is some scalar. 

~ Since Bi ; 1s symmetric . and I b eal) 720, — we can get ¢ cil ‘such 


7 that ‘ . aie ie 
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bi eae () thy pie SY a os oT eg 
. Now multiplying both sides of ae oe relation by c* l we get 
a; 50° B, — a, 0%'b sy, +4; 40"'D;; — 4K 1c" re =0 cor: 
or, ‘na; ;- en | =0 [by (1)] _ . Me 


where ¢ =4,; /¢ 


ip—42;44;;-0b;;=0 [by (16) 7 i a 


or, na 3 
Or, Na,;=ab;; ‘ 
ee . 4 A 
Hence, a, ,;=— b;; =P d;;, where Pisa scalar because o is so. 3 
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98 Te X,Y, Z are 2 the components of a contravariant vector in 
-tectangular : Cartesian. coordinates a a in a 3- dimensional | 
"aspace, show that the components of the vector in cylindrical | 
: coordinates r, 6,2 are 7 i 


X cos g+¥ sin ae sin Oto. cos 5 8, Za 


ae Ae * are the components of a, contravariant vector in coord: 3 

'@ates x* and A’ are its components in coordinates ae then on ae 

a nn 

In the present case we have a 3- dimensional space, leh M qe 
KP my, est, ki=p, x2 =6, #S = 2, 4. =X, A? =Y and A =Z pa 
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_-¥See author's Analytic G eornetry, 


ue Hence, @< can abe written % ‘as 


ar 
From (5) we get ax 


: Similarly, 


. —_ - we get 
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3 BE ag ORF yas. 


Now, it is Raawae that 7 
x=r eos 9, per sin 4, aoe - 


Hence, r= VT +y° | By: a ate 


TRF wa yt ries Oe. 


5 | ia a y : ae Were 
‘From (6) we set Snag (e) "RE 


(11) 


re Z =cos 9 x ts sin 6 Y Y ths OR ) and eo 


| es —\sin 6 ra) ee oe e. Y y Cbs (10), 
TOR = ON 5 12 ae ack 
ae ee oe ea ae (uy) and 502 1, 


at ioe 
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“ence he 5 peqdiccd coordinates # are: ‘xX: cost ¥ sin 8 Hae est 
ae . Dra + Xcos 9, Zz : She : ee ss eee Me Seg ge : 
24.. If relative to every evstern. of coordinates | in eos ‘thers be ee 
-<. a Set of m® functions A!, such that the inner ‘product Aj, BE jis | 
“tensor of type ( 1, 2.) for a tensor B® of type ( 1,1) with arbitrary “a 
components, prove without applying quotient law that Ai be ALC the © 


g components of a tensor of type | (1, 2), a tk Bae 
ina peaniuae: system (i 8 | ope eae : 
Let Ci, and Bé denote the components SE Ci 3 and BE in 
another coordinate system. (x') and. let the quantities Ai, ioe _ 
A'i, in the system (#/) _ ae - - ; ce 
; OX axe axt 
ee ARS C}a = oe agi Ft -@) [ by (2 20) 
; | . 7 axk- et - : 
tee S and By = DES Bi... @ [by (2.18) ] 3 
In the system (%*) we define a set of functions Ai jk’ as Slows: : : 
4; oxt oe ax" . eee 
aie ax” DET age ate wee bee rey | 
at Fi Be _ ox! ox” Hoe" On ax! ny | \ ee 
| Then Aja 89 am ga aF ar at “Ox xe Br “Eby “eee. @ 
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_ Oxt 9) x7 ax" Ox! ym Bt 
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. Since By is arbitrary we can assume any convenient values. for 
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! 
. é , 
fia = 
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Ps OXt wa, ret 4 
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-Since B} kis an ebithers symmetric tensor we can assume any a a 


of: the tensor be non- ZerO, Say: Be 0, and. the rest “be zero. 


from (2) we get. 


“positive integer. and B 3 <0 otherwise, 


convenient values for its components. 
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asi ast a8 ia) Br -0. 
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si ox} axe t. axis ox” axe 438 ax ” A Bm =O 
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ty Sinee Re 740, from (3) we ‘get 


ay Ox! OR 3a oxi ox.® ie ax ox 
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a term of the left hand side i 
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ait +a anges ax" : s nn oe max 


* Multiving oth sides sf @ by 2 8 Zp. : qa ce a a : 
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- a From (5) it follows that Aj yt A i ‘is a tensor of type G a. : . 
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1. “The components A; ofa covariant vector in the ‘coordinate 


s * 


as (x*) are taken as follows : | ; ; ee 
} =f, where f is an arbitrary function of the xs and- A, =6, wee 


/ je ee “7, ‘Show that the components in any other systein (zt) are : 


een te ety 
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given by - | = 
anf 2 tet, 2° 


2 ele ie elation a’ one = -( nerds for. an arbitrary contravariant at 
vector p?, show that at = 0: . 24 ee : i “Ge ‘ae 
3; . If the relation bi ju,u;=0 holds as any aebicary covariant gaat 


re i 
| vector uz, prove that b*4 +b: : =U: i . a8 
~—64: C@# atin, ut ; =b*iy, u; for an Shia covariant vector. nek 
show that | Gepgi he Bip Bit eres 
{ y 


5. Ifaz; isa symmetric tensor and b; 9 = 454, show as Dis is | 
a symmetric tensor. | ‘ , ee 

6, Ifa tensor Tijni is symmetric in the bie two eediees fom = 
. ‘the left and skew-symmetric in the second and the fourth indices. ree 


- from the left, show that Ts jet =0. | — ener 
ys Show. that in an 7m dimendiogal space a covariant skew: 3 


: _ symmetric tensor of second ‘order has at most 4 —. 1) different, 
ue arithmetical. ‘components. 


aces If the relation T; jdt dé A= holds for any arbitrary 
| -“‘wontravariant vector: Ai, Fen that 


Pet Tnc tT AT t Test | ae 


aes 


9. ae ie , elation TT; ped A A! a nore is 
a variant. vector. At whete. 153 ii ie as: a ‘tensor symmetric int 


jolt show that | ears. See a a eee 
a Tint Tieit Pius” yu ee 


A : : : ve 
‘ . . x are 
: pee ae) 


~ 40... Prove that - 2 Re Ee ee I) : 
: jaan - ps axe Ox! BRAM. 3 
11.. If At, is a tensor, show that wow $2 Fe ee 


at, OR" OX" Ox” @x* OAny , 0%" Ox" 0 2x0 am ee 
“oR ax™ axs ax! 9x Oxt "Oox™ OF? ax xe i 
| OX” Ox? . ox" ax” ax? axt OPK" ia. 

ax™ ort ax? oR wD 
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Seen ln lee RS rr es eet ee eS A: 
in - os res oer) oe seat on 


os “axe ax! am” ax Ox" : 


12, tf f isan ‘invariant, determine whether: poe Poet 7 is a tensor. 


J ? 
SN ar etl WY OBI EEN, 
‘ iar : 
s 


- 43: If the. equality ai Aj ao At Holds for any contravariant 


- vector At, where o is a scalar, show that a; | = 085. : 
:" 14, Tf s,;=1, when i=j me a 
: | =0, when ix j | 
determine ‘whether 8:3 | are the ‘components of a covariant tensor - 


of second order. 5. so i , are | 
15. If A; is a covariant vector, determine Bore 


ad; 84; jare the components: of ¢ a tensor. 


4. @xd ax? | 
! 16... If ais usu; is an invariant. for an » arbitrary covariant vector: | 


1 ui, show that ai! as i is a tensor. 
}. 17, If the relation Ty; 5414’ Bi A*B 0. holds for arbitrary 
. 
4 i : 


- contravariant vectors A* and Bi, 
Ti jpyr tives oe =0 


‘prove that \ 
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ee Re. 
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aS 18. If the. relation 4; jn1A’ Bi ARBY “0 holds. for arbitrary i 
 poteresant vectors A’, B’ where A; jit “satisfies the relations: | , 
Po As gua t ajar $0, di t4éyreO oo ee E 
fee and A; jer tAint; + Astin > =0, | Pe: 7 2 s : : ; i 
oe ~ show that A; jx =0 Hone i! ‘ pO ase oe es | 
ee 19," ata Bis are the: components of a contravariant tensor end Co 2 | 
3 DS are “the components of two covariant vectors, 3 “show | that iy 


ve's . SMe set ote 
2 a : as i 
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PB: D, isan invariant." a 


cy oe oe ee eee A TEXT BOOK OF  PENSO! oe cee 


R. CALCULU Ss 


vi _is “an : aebiteary conte: 


20. ae yivs is: an invariant, where 
r and) vi = Ai oy Show 


If.a;. 7 18. a. symmetric. tenso 


“piant eee 
that a; ; :A’ Bi is an invariant.” 


21. “Show that the transformations of CO 


a group: hoes ! = 
22. ‘Tt 7; jer ds a tensor which aaeches ne Pp uone rT ifkt ae 


Tizvn =, VT; jt +7, ikl =0 and de5 pit Tenia thie ee and 
zero tensor such that. oo BY es 
Tne px Amt Limnia apn Tywintine =O : : 


; prove that Zn: jn =9 


23. ET; ijn 1S completely skew- -symmetric sae ar indices run 


from 1 to 7, 
components of TP; jr ig BHF a 
2A. It Fs; 1s completely symmetric and the indices run fedm" 
1 ton, show that the number of distinct components of T; ;% is 
n(n-+1)\(1-+ 2) 
6 
25. If the relation T; yA +=0 holds for an arbitrary tensor 
A#!, show that T};, = 0 oe 
2 * a: 7 ¢ S$ 
6. Ifa;; is a covariant tensor such that | a; , | #0, deter- 


mine whether the determinant | @;; | is an invariant. | 
ox’ oxt 


‘show that the number of distinct non-vanishing 


Ae aes anne eee eee: Sear 


variant vectors fom, a 


“at 


{ Soln, Since a; ; isa covariant tensor, we havead..<= 
| | a Ox? x4 pg 
ne i 2088 xe Ax? 3 : 
~ {ax xX a 0 xX c) oo» ae BG t | pda. 


or, lacy | =7* eae | ---(1), where J is the Jacobian of trans-’ 


formation |e From (1) 1 y : 
| : (1) it follows that | a;; | is not, in general, 


an invariant due to the re Ce © [ r 
sence ; i j 
p f the cerm J* in the right 


hand side. | 


oy 


Note: In such : , e 
a case |a;,; | issaid to be a relative invariant — 


of weight 2. 
f & t2 But | this isa eel case of the gs general notion of 


a relative tensor of weight w which is defined as foll 
: 7 s follows : 


A syste 
ystem of order p+ 9 whose components a, Fae by in a : 


dr 


x 


gee te ve 


“TENSOR AL \< BBRA IN DIMENSIONAL. SPACE 


0 
when preferred to another coordinate s system vee 


1 ce dy ay w oe ae ae by ax!» 1 ox Po - 
“ha hada 


ro Ty? where'd. is "the 


ae aie aa 


ox : gx! awa awa 


. a 
scobian of tae transformation Fer 1s | called | a relative tensor of - 


: gs ee and weight We 2% ey Oe SU ENS tes s a 
. A relative tensor of weight 1 is ea a. tensor dead. ‘|= ees: 
: 27. Prove: “that: the transformations | 2% tensors of type. (1,1) 

| form a group. ee 

ya '28. If X, Y, Z, are ‘the. components of a covariant vector oo 
\ rectangular Cartesian coordinates. in £3, find the components of . 


the vector in spherical coordinates r, @, @. - 
29.> Show that in an n- dimensional space (7 = 2): no relation ; 
of the form. | 
te aaa re. _ 
| can. eo] where DP, 4,7, are three scalars, a; jis a symmetric - 
j tensor such that | 4;; £0 and b.. j is a skew-symmetric tensor. 


psy eatgenm TAIL TNS INE TS Serta eat Re Dit ewe RY 
Seay Ll eae RE ant 
Tea Pitas hows ata akeend cane 
1 are Fea RN NPE td ek a Np ai ek 
ee ete 
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* 30. The components of a symmetric covariant tensor of ‘second — ie 
order in rectangular Cartesian coordinates in —, are l, 1, 1, 0, 0,6 & 
Find its components in ; : SO ; We 
(i) Cylindrical coordinates 7, 6,2 a 

ee and (fi). Spherical coordinates r, 4, 6. 7 | al 
31. Prove that the transformations of Christoffel symbols form a 
agroup. _ | : | ue 
32; If Ai, B jk Ci, where Ci - a contravariant . vector and a 
Bi* is an eee SREW: “symmetric | tensor, show ‘that At, Ai j it 


As a tensor. 
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Behl 
“ae 


33, If the relation 4; ;4' iui i =0 holds for all vectors u' such a i 
‘that ui i; =0, where 4; is a ven covariant vector, show that ee i | 
O55 $4ji = 4irs TA GV: : » ce f I 
, where vy, is some covariant vector. | ae a 
ae 
Wee 34. Tf fe: equality aju; =oU; holds for-any covariant vector cay 


fetes 


it; such that u,v'=0, where vi is a given contravariant vector, 
“show that ai = 08; + ie vy’, where 4; 1s some covariant vector. © 2 


- Tf ‘Ati | is + skew-symmetric: grith respect to k and n 
7 Bil, defined bp the equation: Bee - ALiC® isa tensor for a ar itr 
Somes tensor c i ‘. prove that Aij isa tensor, = = : 


36. Tt a vector has components es , rio in rectangular Cas 


oe . “ aye 2 d’r. a) -@0 4 2dr dg. 
x : x, 
Somk “coordinates dy; ‘show that da —(@ ae =r dt 


are its ‘components ‘in polar coordinates r 6. 


\ 


2 o7 If @;, is a symmetric tensor’ ‘such: that | ais; | +0 ere bi 


is: the: ‘cofactor ofa, “in the ‘determinant ° was bags determine 
~ whether bis. isa élatiee tensor. “If so, find its weight. A 


38. If a‘ Jis a contravariant tensor such that l a i | al 0, show 


~ that a gti [i isa telative invariant of weight — = 2. j a 
BGP Oe, tae es ANSWERS - 
2B hh general, it is not ¢ a - tensor, =< css ee eee - 
ip is a tensor of type (0, 2) at those points 1 where 2. i vanishes. 
e 14, 3; are not ‘the ‘components. of a. "covariant: tensor of 
2 second ice eee te i hee ey eh de 
15, a4, 04; - are the components of a tensor. + 
oxi < Ox | ge tee eee 


Pee 96, : | ae; [is not an invariant. : 

roe 28. Comiponeints are: X(sin ¢ cos 6) Vsin are sin 6¢ aya Z COS sh ee 
_ Xr cos $ cos 6)+ V(r cos $ sin 6)-Z ¢ sin ¢), a 

oh a ar sin ¢ sin 6)+ V(r sin ec ce a i 

ee ip “(i)2 Agr’, 1,0, 0, 0. ee oe 

» ae 1, r?, r® sin? ¢, 0, 0, 0. 

: 8 31. ‘Tei is a relative tensor of weight 2. 
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| algebra ‘in Sy. Each ‘of these operations oh a’ tensor or sanoaak: : 
| produces again a tensors Again it is known that the partiak. | * 


‘differentiation of a covariant vector does not give a om | 


defined in S, which when applied to a tensor produces: acces  - 


NO eT AY LN A RE RE LT AS lt ABTS et al ES i tO ey he pn 
; a BS AN TR iy a eh ae loa 


| possesses sufficient structure to permit the: operation of tensox 


» consideration of the fact that in a Riemannian space,.a new type 


\ to’ the following rule on change of ° coordinate system from ae, to another prs ‘i 
§ gO . oe ae ee eRIROMER:: 1 
System oe i oS : _ ba oe - A eae aoe 

ae ee ee 
Pad ax" 9x* Qxs ots Ox" aR aR” LE TES GY ces oa | 


: TENSOR ¢ CALCULUS INA RIEMANNIAN. SPACE: 
ue 0 Jn. the preceding ‘chapter we considered some algebraic: 
ations on, tensors in S,, which constitute ‘the so-called temsex:. 


In fact, the operation of partial differentiation on a tensor « doce... ). 
not always produce a tensor (See Ex. 11 Exercises 2).- The ae re 
therefore arises whether a new type of differentiation | cam bbe | ; 


tensor This question can be stated otherwise as follows ¢ --- 

Can an S, function as a suitable environment for the operatiom. 
of tensor ‘calculus? The answer to this. question - is not im the- : 
affirmative unless additional features be built into the: struct . 


of Sn. ‘3 | 
A space which admits an “object tied an sities connection ie 


calculus within it. It is known that a Riemannian. space is- - 
necessarily endowed with an affine connection. Therefore, for the- 


development of tensor calculus we can either. consider am Sp. . 
endowed with an affine connection or can consider a Riemanmiame. - | 
space. In this chapter we consider the latter alternative forthe: | 
development of Tensor Calculus. This choice is made fron: the: 5 


Pc Rn tO i ce eg ee 


of differentiation mentioned above can be defined simply and that 7 El 
tensor calculus in such a space has important appicatione im 


physics, specially 1 in the theory of eae 


A set of 7° functions [! jin a sitet ae pootd mance (eh) 3 1D | Spi is> 


ae eer Bi . ; = 
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ope ee, eet cae oe. 
iar Se eh pig oea 


Sai d to form the components of an aff ne connection if they transform According. ° it 
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a 1 Riemannian. space: 3 
> dn, Sa. ‘in’ which | the. ‘dustante ¢ ds bee 

points Pas arid ‘x! +x ‘is. ‘given by: : ee Pere er 
ds? =i; “dx dxi. & ae (3, ae Meet oes : ee 7 nes me S 
in where gi 7 are. ‘arbitrary functions’ of coordinates xt “gach: that. | 
. We ei | 0. and ds.-is assumed to. be _ invariant is ‘called’ am | 
me ‘m-dimensional Riemannian space. ~The space is called ‘Riemannian | 
OS for preserving. and: honouring the. name of its creator: Bernhard | 
“.. GRiemann (1826-1866). | Such an ‘”- -dimensional space shall be. - 
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- Note 1. ‘Tei is to be noted that the covariant derivative of a tensor of type: 


Sos 


—, 
pee Spee) 


aisa tensor of type (0, 3). be 4 
4, Note‘ 2. Similarly we may introduce the covariant derivative ofa came | oy 
ay ‘variant tensor 4** of order two by the following formula : gay es ce e 
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* The most: t requently: océurring. “equations in. theoretical physicg 
: ae expressed with - the help of a small number’ of operators Calleg 
4 \-gpradient, divergence, curl and the. ‘Laplacian. We introduce these 
a motions in, the next, section. oe ae hoe Stee eS 
9814 | Gradient, divergence, curl and the Laplacian ae es 
_ Gradient of an invariant - ra SG 
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From (3.73) it follows that, in general, V.,5,%Vi,,5. i | 
: Tf, however, R5j, is identically zero, then V;,;,=V;, bok j a 
Note 1. In this note we obtain a necessary and sufficient condition chat q 
the convariant differentiation of all vectors be commutative. | . qe 
If Vesje= V isk ss then from (3.73) it follows that Ri ;,V, =0 | B: 
. where V; is an arbitrary covariant vector. Since V, is arbitrary, we a 
can choose any convenient values for its components. So we choose a 4 
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have Ri ;p=0. Again Vi,j, —Visks af Ri, =0. Hence covariant : 
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Therefore covariant differentiation of all vectors is commutative if aa 
i and only if the Riemann Christoffel curvature tensor is identically | ge 
“zero. | fu ~ : 
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11.16 Contracted tensors of the curvature tensor 
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| 4 such spaces are divided into two classes—flat and. non flat, the 

} former having identically zero Riemann Christoffel ‘tensor and | 
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a why the Riemann Christoffel tensor is called the curvature tensor. | 
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Let A, be a covariant vector. - Then A ce isa tensor’ of type 7 
0, 2), .The product <***A,,;, is. then a tensor of type (1, %. 
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It is known that covariant differentiation | is a generalization ae | 
ee differentiation in Euclidean _ space with | rectangular 

_ Cartesian coordinates. Further, we. know that covariant differen- : 
tiation of a tensor produces. again a ‘tensor. » Tn this section’ We fe 

- define another kind of differentiation which may be regarded asa a 

- generalization of ordinary differentiation in Euclidean: space 1 with - : 
rectangular Cartesian coordinates. It i 1S called intrinsic or abs olute { 7 
differentiation and is useful in the study of difterential geometry: ‘of : : 
_. -curves and surfaces due to the fact that thei intrinsic differentiation i , 
of a tensor produces again a tensor. | | ee ak ! 


' Curve ina V,, | eS El 
~ By a curve ina Vn is meant the ae ae Boia: he CO": 7 


er a8 aes x* satisfy equations - or the form.} 
xi=gdi(t) | (3.93) | 
where ¢* are functions of a single ee ; 
The length s of a curve: from a point 4 

: (See fig. 3) corresponding to the value to of 
the parameter to the variable point P on it t 
- corresponding to the value t of the same, ce 4 
seared as follows': «= \ a | 


Sit Oat OULUS. In’ AC ‘RIEMANNIAN SPACH : 


"oa : oe 7 Boat dx?) as ; a ye 
4, Now, G “GES ORE aE oh 


it 


“From 2 (3 95) it follows that — is a contravariant yee fon 
‘f along the curve. given by, (3. 93) yd ue ee ise 


reel ae 


Let ‘us consider a: tensor ' ok type ( D, 4 a) whose ‘component 2 

ch are functions of, a parameter t ‘Then the intrinsic deriva os 

aS i eee. a by} 
_ tive of the tensor with respect to the parameter t is denoted by 

2 Alte and is ; defined as follows : Df it Ga ia 

e Ot Ji Ja Monae OR: _ *) 

4 ; e a . : | ; . 

1 es os Viste ig asgdastty i dx! a oS wee @ 26) 

‘enees aa (ot divvda: Grete ; a ea Meee re 


tS 


% 

Le kwand 
SE peel 
Peveeree Peter ne 


‘ Sarees 
Mt ee age asd ae 
S Re Pg 
‘ cy wales geting tay ce 
. , Scere 
we 


~ 
beset 


ah a 


ae te 
cei oe 


A 
pe iste 
Rate 


eS _-where comma (, ) denotes covariant differentiation. Pace Be = - 


a 
rm stich 


emneesna 


eel 
‘Since “ee is. a contravariant vector i. @.a. ‘tensor of type’ a, 0). , 


Bo 
de be 


ei) 4 


2: 


"along the curve given 2 by 8. $3), and. aaj res i isa tensor of type. r = 
Jac tas. Loe oc 


~ ok 
ee 
Pe 


® a+ ean ies same. curve, Als a ip xt, is. a tensor of type 


dat Ge ae. se 2. eet 
“Ee 


(Ds q) along the curve, i. e. 2B abe a is < a “tensor of type. @ a) 


2 along the. curve. 7 
a Thus the intrinsic derivative et a tensor of type @ a) is again: 7 
“ a tensor of type (p,q) | ~ eg eg ; oe ate mee 
if - In particular, the intrinsic derivative of an invariant oe is ee ql 
- Given by _ F 4: en 4 an A ee vias ees 
fe. ear 8t 7 e . - ax? a. Rie ee te 
eee a | sh, Sugeettg ot ee aGhie ae BN 
a is 8, os ae. ees cs 4, HL “fi. 


Mare 


3 
if 
, 
Sacer eap et E a 5 
ee 


. which 3 is an invariant >: dt. at 


S Thus: the intrinsic derivative of: an: ‘3 \ tawariant is again: an. 


invariant, vIt: is to. be noted that the intrinsic. derivative of ¢ an. 


invariant t coincides with its total derivative... ane 


A mage E BOOK oF. TENSOR ¢ y OALCULUS te : 


fe Bein dx foveet, i gape =) 


. , 3 
Similarly it can be shown that; i 8 gt ie =0 and | at = o 
| Hence the : intrinsic derivatives of the dentasene tensors. and : 


the Kronecker delta 3% are zero. Were 


a 


It can be easily verified that intrinsic differentiation chee the: | } 
same laws for sum, difference and product of two tensors of the | 
same type as are obeyed by. covariant differentiation. ; 


7 WORKED EXAMPLES 7 
lL KvUt= oe , where Viisa panera vector | 
V8 ,V2Ve a. : | 


and §;; is the fundamental tensor, show that U' isa unit vector, 


a ~ We have g.jU'Ui =2,, i ve oe ae 
Pe. a TA gy gVOVA Vg, VPVe 
EpqV?Ve 


Hence UV? is a unit vector — 


- 2. If A; and B; are fn covariant vectors, show “an 


&'i(A;B; —A;B,) =0, ‘where g*/ is the contravariant fundamental ee 
tensor. 

| We have g*5(A, B,—-A,;B,\=g'iA; B, jetta, .B, 

=AiB;—A*B,=0 7 

| 3. Prove that in a V,, | | “ae? 3 

3 (2n5Sin— Bni8 i, Eric(n— Dec. 

where g;; and g*/ have their usual meanings, ved 
“es We have (248 in — Sni8 jue" T= go, gh Sie Buis™ Bsn sue | 
PERS oe To NE ey — 848 7, NE — Bs, : 

me Lacie = Das, ra ie 
Tt ut and v? are orthogonal. unit vectors, nw i . — i 
| Baska B68; sjuny! us yk ak: ae Boa BS eee ee 


oe We: 


ec) Le ee ep ut yeh 
La spn te witty Sis, di i 
ES eer ere ogi ea ee 
: . Ee Asan . 


fan Ve 


gad Beyut yi =0° 


other g;;'s are zero, see ie ae Sete oe a 


a | (5A ANE BBE) wee e 


4 8, iid LS wo ae S(O es 
ae OWy (2458n2— ~taatadertatn Be: a Ces een ee 
= Saguui gy; vive — Bay ulyhg uit Pie nage 4 a | 
Se Dale Bey Tey (hs 2) nd 0 ee 
a Show that in the Vi, with line a 
ds* = —(dx1)? - eat (dee er aetl = 


the vector. (100 v2 is a unit vector” 
ec 


ae 


Bratt 4 


Tn hee aset ee ferck 83> =A, false “gad the 


Herbert SiactasriteANs 
Choctanvelngmaccte ones 
te 


Denote the components of the given vector by vi 


yearee 
Fase ay eee 


. 
‘ i 
? : 
atk ake 
ep teel rae 


eam 


"Then we have Vis 1, ne =O, ‘v9.20 and eves 


eo Page a cise 


So, f 5; vi Vi ta tEV + SHV Bag VM 


of 
' pr re ise 
Lage ides a aah ale aes 
Bagh lager yo Grea 
a ee ee ee day . 
2 wt een tad deena + 5 


eaves 


=(-1)114(-1) )0.0+(- 1)0.0 + ove ve 


ag eC! 


Sy ao 


. 
wort eens te Cite 


m= =1404042 
Hence, ie is a unit vector © gee e 8 rby a iy 


; : 
spencers em Lain anmenent mmm gare tiee parte 


6 baal, 


6. If'9¢ is the angle between two non-null vectors: A‘ and Bi, i 
show that — te So, a ; 
(gi3A*A!) (g,¢B?B%) eae ST 
853A! Bi A a | 
Vg,;A*A3 Ve, qB? Bo eo by. my J 
gi ja’ ‘BI Evga APB? 


We —— cos g= 


CS ee 
Ry ss wr cet icant a 


Hence, sin?@ = a g= ae 


. 
5 Wotan get 
chit ate ey ec : 
rei pe er nip alien ee a 
: 2 r 
tele SG 3 


oe = Bus Bye! AS BB! — 34585, 4' A®Bi Ba. : ey 
Cs, CePA ABD os: 


\ 


S Nalierie: acaiess aay NCW am 
" TReplacing the dummy indices 7. and BP. in 2 the s second term; of | ‘the 
: ‘numerator by p and j respectively] ; BG aRe Ds SN As 
Sete ese Cig i8na> “2; p&ia'A adi BAS Be 
eet he PS (ep a A‘ A?) ) (SpaB?B%) | ; sao d 
Tf At and B* are ‘two eel vectors uch | ‘chat | 
Sid. He ue = 23 aA vi, where U' = = ASB! and Vi = Aim —B*, show | 
“that 4* and Bi are orthogonal © rane ae 4 ee EG a Oe 
news have aU" UO) == =a: ;(Ai+ +B) (Ai Bi: a EN 
ae Saye Ai + 8s; Bi Bi +20, ,A4 Bit “ete 
Sone ve, bee | | ere a ae is symmetric] = 
‘Similarly, . ¢;,V# Vieg,, At Ai +8 ;B ‘Bi 281; 4° BE Qe 
Since g,,;U'Ui =g,,V‘Vi; it follows from @ and 2) that. | 
oe, sj ASBI=0 or 8. A‘Bi =0 7 Sphaie oil 7 8° alte 
: Sa iene, _A® and B* are orthogonal | ee ee. 
8. If a;;, is a symmetric. tensor. of type (0, 2) dnd Ai ,Bt are: e | 


- Se unit vectors eee to a vector Ct. i satisfying the conditions 
ee ah es < By aA? — 284 3A? oo ane oA eu | 
and a; Bi —o’g,; Bi +08: ; pio: Cee 
where. © sfo0’, show that: A é and ‘BE ne ‘are “orthogonal and 
yy A? Bi =0 | : 


Accotding to the given Baers we have ~ 
ts ;4? Aj =J--.(1) ae , Bt Bi = =1---(2) 
| ae 'C? = ()---(3) a part i Ci = Qeee(4) | , . 
- Multiplying the relation a,;A" —aog,; A’ Fos s5C Ceo by Z Bi 
“we get a; , ae — O85 ja Ri toes po Bh = 0. é 
; OS gg APB me Qi AEB), “by a 
Similarly, multiplyin g the relation | | 
bers a;,;B? —0'2;; Bi +085 ;C ‘<0 by At 
we “get a; ;BYA)— og, , Bi Ai +6 Bij |C' Ai = =0_ 
ee 3 ae. jBiAi—we,. Bi Ai = =O. 
; aygdl BO 69; VAIBE SO te 
Biz A! Bi - oe, ,A‘Bi =0%% 


He 7 


or, 4jA*Bi =O» (7) Cer 1 
oo ‘Baie at and BY are orthogonal. 


Christoffel eyinbole in ‘a V3 is sat most. qn? oD. ‘O 


. Since Wy ry and. {% AY are symmetric in t and. ae for pack Baed irae : ee i 
the number of distinct components | of. either of them is, atmost 


. pag ie 
oi Saat Sait 35 
RaPademen ei auileneieba: . 
ae $e mT es 
~ SL 


N 
x 

essa 
= og bee 
3 . 


x 


nln). Hence for all E the number of distinct -componerits, of 


ee Ere. ee 


~ aoe : . 
passa Sy ‘\ = 


ma\ahiecae a 
pibenbs tunprin 


; seither of them j is atmost mx- eMeD be. mt). In ocherwords; ee 


‘the pumber of distinct components ¢ of the Christe symbols j is at~ 


2s zy 
gts” 6 re eA Re re et 


10. Tp Ai 3 isa skew- -symmetric tensor, show that Ai gee wae 0. 
‘We have 4! MG wh ase {i a [Replacing | the. dummy . indices 4 : 
een ues. O84 a | fA and k by k and j respectively] _ 


ee = 40its,) gc «RS o Nae ae er eee AR tbl 
: | | | = ae a Wise ae a ie acu J~4s : skew-symmetric ] 
Or QAR RKO. Fence: Aik{s ise =O: Sie Oe, ee e S 
z . 11. Show that the Christoffel symbols will possess . tensor” 
a character only for affine transformation of coordinates. . ve 7 

_ From the’ laws of transformation of Christoffel symbols. [See* < 


3. 33 and 3. 35] it follows that t they wal POSSESS tensor character ss 


if and only if. Be gH ekg te es Oe er eee mS 
92: 2 ake (1), 44 sl, mal, en! Seog thE oe aa SS nee 
cone oBEtaR best ee Ove gee ree eae ake eke, EE ee 
Aa ad Pas f \ oy Ree 


Coe “But ‘the “equality. (1) is satisfied ‘only for the transformati on : 
ee coordinates: given by OP ee ers Ca en aE 
: x! sain +b < eae Se ee : - a - aye ean! 


‘Since - ‘Ch “represents. ‘affine. transformation of | coord: nates, 


: follows: that. the Christoffel symbols: possess ‘tensor. character only. 
for. affine transformation of coordinates. mg ta AR REET tele RE 


2 Rote. | Christoffel symbols are therefore sometimes called, affine sensors, t 
Of rank 3. = Sie ARE eh 


dope th in ~ 


i . 2 oO A2, Prove that all the Christoffel symbols vanish. at a point it, 
and only if 2; 47s are all constant at the. point os . 


We first suppose that the £5, ;’s are constant ata “poidt P ne 
. Then: from the definition of Christoffel symbols [See. 3. 22 ad 3. 23). 
at follows that they will be all ZerO at the point P. a eee 


_ Next, we suppose that {J;}=0 at P MGA aa ce oy 


“ “ Ne 


co See Then ism = =O at the point : - eee oat | : a 

a : | Lt. [imj= = Simi} jt by (zi?) of TL. 6) 

: : ‘Hence, in virtue of the relation _ a okt es are i ae 
a. | mi} Lng) = 2p + oe at “(oa hee m6] a. 


it > falta that of tm =(. This means ak Sim is independent 


of xi. for all j i.€. &im's are constant at the point (x*) 


2 . cs — 13. If.B; are the components of a covariant vector, determine: | 
: if {i tt+ 23'B, are the components ofa tensor. 


, We put Te, =U $285 Bi, = 
2 Lee oP je CF b+ 2517 | . ? 
2 a Then - | pte | = 

a Le aR axt ax* pet atxm 34 OX" BS ‘ 
pt tote Mgt oe ox xk "ox" orion 7 7 Qxe. 

ee ee ea ae : cae [by 3.35 and 2a} ) 
Les ee | ‘ axt ae axs oxt ‘e2x™ 2 4 " ete a 
oh i oes ic +28 oa nage az se ox" - “OR Dae 5. 4m hae 

race ae = ext oxi a ax™ axi FOX : ae Lae 

BS a - From on relation (1) it folicers that [ ¢, are not the componente 


EY 
“of a tensor ane, to. the presence of the second term! in, its wight 


, 5 a a ee a Neer with a eee os ae yee > 


ie ais 5 is. a symmetric fensor, , show. that 


: - ath, H=yornPEip fe SST 


We have Ut atti =? eee 


oe. Multiplying both. sides by ait we get 


- oe a mil ag = 0& j 
ae (kif) a Ak 


aik{ji,k|+a" oe 


nai tt k= 


- [Replacing the dummy 
|” deft hand side by j and k respectively] 


aatess k and j in the second term: ‘of the H} 


Sai [ij k|=a! 


. & ee ee | Ik 
Hence, a/*[ij,k]=3a7* 2 - 


15. Prove that fy (ve gti)+ V eft tik =0 


ao = ped Vc g 
We haves (vg 8°") ae 


ox! 


ox) 


OS et Ca ee ee 
ee ea i ae aS 


ae an a 


~2V8 sting ye (-2Mhd—84 i) [by (vi) of IL 6 2 


en 


—— 


OVE git yHberi- VEE 


abies 


Te 


St 


Peerases 


wes 


_OV8 gti-W g{h je? - 


ox! . 


wut, V8 ¢ 
Af g ox" 


rg, 


ST e 


Bt 


t by ud of UI. 16) DE a 


rege Oe 


gah ak cerns 


git a YES 87 ; 


= re ail 


| 
I 
i 
| 
a 
oh, 
Pe a 


rane reti)+ V ats) yeti <0 tee: 


(08s, 0845)” 
axt  axt } . 


From @) we e get {f Sr Cae (oor : 


minh sok 
O89 ; 
Ox2 


yet 


Ogay” 
ox 


ayer os ana ia Seas can, Oe ne DT aa 
joke axk i pe itty el le gone n iad acne ga eee 


2B at 46 


i 


(0 Ba BEaay EE eee 


‘ - : ; ry : 
fe a ’ — Z Beha Hie 
\ ; 3 


= -sa%bsp= —§ 12 s sin xtcos x)= —sin x COs: x* ee, 


ed 
=t}9** | 


Sas : ; ee > a Fae pod ar . a ss ee 


\ 


‘Thus out a the 23 or 8 Christoffel symbols ‘the only’ non-- a Be 


4 _ vanishing symbols are, ect SL Baerga 
os gas sin x} cos x and {7 fe arr =cot cat te Feces a | 


2 eo ‘17. If Vere is a symmetric “tensor, show. ‘that “Asp ‘is: 
= ‘symmetric in i and ” ae Pie aes ree Shoo Hed beams, 


= : aes 04: a 
2 a ‘We have Assn : 


as Y 


A, ft 2 Ae, t 3) ay — | co is 


oa Since A;j;isa (0, 2) tensor, A; je “is ‘so. Gee worked example 6 


> Dae Ae) Ae ay ee Bw es 
ele. # Flence Ajs; k ae 1 = a fj 3H 4, ne we eer 7 : =r 


oe au E>» Ag is epinmetnie and if 3 ae is symmetric Shel - j and k } Ae A 
ot 


“From (1) and - it follows that ee es 
ier. ee is symmetric in i. andj : | : otk ole 
28. if Age j isa symmetric tensor such that SE RSS 


teh ence a coat 
ere 


\ ‘ 7 is! 


s re, , 


4, jot ee ‘show that 4 35,48 a symmetric tensor. 


oe “By example 17; A i 53 - is. symmetric: in; i and: Fes : Again » by. the 
sen ¢ condition 40; jt vis, “Symmetric ‘in, ¥ and. Be e Te : therefore’ 


y 


A. TEXT. BOOK OF TENSOR ‘CALCULUS 


Web have A; jak = Ay “95 (By hypothesis) 
: a eee = Agis5 (by. Ex. 17 

= Ang s “(by hppothesia) 
"Hence Abin is symmetric in i and k. ee a es 


: 19, If the curl of a covariant vector is zero, we that “the” 
-vector is a gradient. | | 
a Let B, be a covariant vector. Then its curl is B;,;—8;,;. If , 

ib curl.is zero, then 


eer: «Bs, ; =() — : 
Or, OF t — Bol 53 — (2°) - B,19;3) _, “ 
or, oe a Bol? }+ Byl? .}=0 
oat os rie (1) [Aah 


But (1) implies that B,;dx' is an exact differential, say df, where 
J isa function, 


Hence, B,dx' 3 dx* 


or, (2,-; ) “e pjdxie0 
" Since dx* is an arbitrary contravariant vector, it follows from 
(2) that. B; - — of = 0 
Ox! 


chee, ae aoe a | a 
ony By a: Hence 8B; is the gradient of f, i.e. By isa 


-gradient. 
20. IfA;,; are the components of the curl of a covariant 
‘ ~yvector B;, show that 

As sox tAjeos t4res; =9 


f 


ee | eh OB , ae 
| We have Ass =B;,; By. = ors B,8;}- (2, 2 p— Bolt 2 | oe 
= — ; ite = <8] a 


Ox? Oxf, 


css TENSOR canourvs. IN, rN ORMEANNTAN 


ean a: ax* aon! = eB 


BA 
Now diet 5 “axt ~Aystt0- “Auta 


~ axtaxi  Ax* a axt Tule pitta) ~Aag lB) [by(1)] 
| Puttiig i=), Jk and kot in @) we gt - he ee 


un 
a> iol i tae 
rs ce oe 
se Lae 


3 \ ’ Spek es 
oe aad een 
NAIR TSE RU Sas fT SE paces 


~ axtaxt ax! Fes AGS As olbab@) 


Next putting j=k, k=i and i=j in (4) we have 


Fo S rssg, 
Lob) 
+ 
mm, iw) 
of 
e 
a 
heen 5 saan eenenree 


a Ards) ial -(5) 
Adding (3), (4) and (5) we get 
Ag jaz tA jist Fees; = (0 


E A; ; is skew- “symmetric and 27s 0° B, | 
oxi axk ax° Oxi 
21. If¢and ware invariants, , show that 
div (w¢,;)= vai" 4,;,+87'd, 5w,,: | 
Since ¢,; isa covariant vector, boi isso, Denote ie vector... 
ty By. _ ns - a i 2 
Then diy (wd,;)=div B, gi! B 
Pree Os 
=vgitd, :,+gi*d, iw, 


[ by 3.58 ] | 
B; = we, ;) 


\ reg 


te Js “oh @ ne Dee 
Fpnseactne BAUG SRSA BEI S FASS 4} wb feo Oi 
Sap tT Es i te 


. 22, If A‘) is a skew symmetric tensor, show that - 
Ge 


| ig ree Ae per TAEDA) | [ by 3.46 Les A 
ie: | Hence Ati, aA Malet ae a rm ec rs : 


ee 
it a a 
, 
‘ 


aM 


{ 
if 
peste 


_3Ati 
axt 


‘ 


+AP7{53} 


panna tres tines = shes geet 


| (Replacing the dummy index P byt a | 


\ ‘ Mo . ' ee 


es 23S If A* ana B* are orthogonal Oita’ hae: that fey } 
ees Ori Reverie memaireumiaines | 
& see By the ever condition we have. i ARTE a ioe e eee 
fee ne ec cneae (4). anos tie we > get Oa oe tae BE cect os ee 
S (Sas) nA! Be eee +A} Bi 2b) =O" a | 
ses, or, ee(Ai BPA’ Bi ,,)= 0. nce (Bip =0) : 7 ee i 
Hoe.” or, 8; ; B iAt +85; A4° Biya 0 nes i ge 
S | Gr, “Bid bd, Bi gO ee oe are 3 fai cae 
ae re Multiplying by AF we get. i = 2 oss at ; me we ee rae 
ei 7 BARA +A, ABS Bae Sr ney arene | 1 


Bt A; A*®Bi y= —B;A nate SE Ee 
AYAIBY 0 BAIA Ye op Es : 
| : A eee the dummy eanicee }. and. k in. the left ee side by: ? | 
EO oe and j respectively and the dummy index. kin the wight | hand side | 
a byf] ee Ba 
: 24, If Ai isa contravariant vector such that 
oe Al se = 4, A? . 
Se where @ , is a covariant yacten: show that: a, is a i gradient wa 
ae We have BAK =845(aeA! da ee Ae. ae (DY SS : 
[by the given condition : 


oe asin : im Aig =e sind Ai Sg: MA Ai +At Ai rs). 


Mestad beatae De 
Pl ep ee ee 
ae 2 Aer A ‘sa AP os 


= TENSOR: CALCULUS IN A RIEMANNIAN: ‘SPACE. 
* jence* 86 ji ad? mit, 4! Aa ; Oe oe 
From (1) and (2) we haves a “ = MAS as ee he 

| guid" A ay =e: 54 i Ala ket a * ae 


* or: $a, = = iby, where p= = 6; ,At b At =an invariant 


Le. 


[By 3.961 


1 o¢ 0 


Hence 4, = 55 ax. axk 


‘ : 
= log 2 * 


. : 7 ee : 1 
So 4, is the gradient of the invariant log $7. 


ie. a, isa gradient, 


25. If A! ‘Sk isa skew-symmetric tensor, show that 


Se 


Ve aa eg At) is a tensor. . 


We have | 


~ AMES, 


Hisiee Aist. cinadtt Arts, p4aierg yp atogs ) 


. of () i is so, 


Ce _ Tensor Cal. —§ 


_ ati 
x 


Ve 


a. stain 14g 


p Ati? 


tgb Me " . coeds : | 
aait pAb [*.. AfHg }=0 


i by mare of IIT. 6 j 


ssa Van Ta ae (Vad) “oy 


[ Replacing the dummy index p by kl 


Since the left hand side of (1) is a tensor, the right panes side = 


ARTIS 
TS 


STM DSS adem araeeraed uz 


' See Ex, 9 Exercises 3 ] © 


=A $4 2, (log 7) 


~ Ste OME % ae we 
NER ; . a paar ante 
Ridge eee ene etn et aa = 


SMR TSE. 
ceprhcbenarenpe st oat ; 
ean ie | 7 eee ee 


a 


4 

i 
bj 
fae 
4! 
fad 
‘ 


26. ‘proved that’ in a Ve a 
ue curl @A)= é curl A= = Ax: ct o Span SS 
: "where ®. is an invariant : mies oe Sites aie ee 


“Now ie sa. _ say ey ti Rue 
* ‘Then Buys =b3 Ag tPAios oan (1) 
_ Hence curl ae curl Bese*i* By, 5 | dei 

. | Bale A, +H FA ges a “by ay i 

2 uniias 56 i by Ay ae : an ent he cet ts a come | 

ag curl A — Ax grad ge ce AXBaclit A: B, by son, 
27.> If se f-R0jR, where BIRy; j= RS = 


AG | show that 4i,¢=0 Nate ee -_ se oe ie ley 
~ Covariant differentiation of ie San ite gives est 
Ai Rem BRa Sf 01 | 
‘Hence Ai, é =Rjse— —451R,; 7 | ras -_ “ ee . 7 a 


-3R,, [byEx 30) 2 


Note. : The pavicgs Ai ieicalled the Einstein tensor. > 
28. Ifina V, (2>2), R;; —48; = 
'. show that R;;=0- . oe 
Multiplying the given relation by gis i we ° get 
s'°Ri;—heiig, ,R=0° © 


ag 


R=0. | HenceR=0 [¥ 2>2] . - ee 
ae Putting R = 0 in the given. relation weet 
= Se yok, 29. ‘if the iderincic derivative ae. a. non-null vector. Ati 
vat all points of a curve, show. ‘that the > magnitude of ae vector , 


: : constant along the curve, 


“ es 2 d : - ae = rs a 


is: oy ah - eran are oe: 


aoe ae 
poate rpg ea hes 
RU ND i 0 ea 
See 


-TERSOR | CALCULUS IN A BIBMANNIAN ‘SPAC 


: A > toy ce a ee 
aia is ard ae rc 


‘By the: aiven condition we Shave aoe Due & EES Ly OO 


Ean ene 
Seeks 


a= 


= ree 
Ca et eae 


ss : A : acy i | aCe a Ai) ext y= (5s Bs j Vata Aj nee Buus As) es Dee ae oe 


anf eaHhe) 44] ( “4 


amt ca 
7 ean tnwe ee 
$ TRG ot cA 


| ~ bi ae 
=0---(2) [by oy ce 


a 
x 
be * ear tacth: 
iad tA ae ai eS 
mix SiS a rates 


ios 
Tree 


“From (2) it follows that g;;4*A? is constant along the curve. 


In. other words, the magnitude of the vector A’ is constant along 
tine curve. [i'> the square of the magnitude of the vector is 
ca ) ees re ,j4t Ai] 
. . 80, IE as and sR, oR. 


ais ce Wt oh SPS 


Van renin bie arty ate 
ep tdovnecerinceriets 


fog Tate cae ane eae Des 
Mare ada eRe Te TS: 


a show that Ries ee Ca eee Sate 2 bs ee cae 


Covariant differentiation of the: relation gi Ry. ej 


en Seer 
eae 


j 


neers 


\ 


i 


Aad ten te 
ewer * 


i. 


gives Rt,,=2' "Re jor ea rane a i a0]. ; ‘ 

Hence Ri,,—2'#Ryj,3=8**RE js Hecate y » 
=6°"(2"' Reggie *. 6 OES B"'Roegt Regs) 
= ooh ge?! Rog gist (1), De 8?! ,,=0] : : G 


The Bianchi identity (See 3.78) can be written as ig yd Re 

Ros eet Ronee tRousjo =0- ve(Q) wees 4 

Using (2).we can write(1) as oe _ eg : 

Rig= —grhgtt (Rone éo5 + Rowsin) , wed - 

= — 89 (2**Ronasj3 + gt *R ywezot) a2 > , * 7 a j : i 

Smee (oe Reotiog +o°* Ring ist). | | j | af 

Le oe ee Riots = ~Ronei and Runs =Ryxegl 
Bee 4 O See (= Riresp HRO G58) Fe . “ 

oh 7 (=m —g?(—R pisg Ty jar d= (BP Rows a Ron 
- = ng Riot = R,; ca —-Ris 


1 


/ 
/ 
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a 
SS 


— 


(Replacing t the dummy index é by ). 
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IG Se ee we TEXT BOOK £ OF TENSOR SALOULUS iG 


ie _ EXERCISES. 3 
ae 
“Te oe REE: 


that uy , isa unit vector, 


=Vi, where Vs isa covariant Vector, thoy 


J 


26 ‘If ¢ is an invariant, show that Se ek 
| 28 ens80n- £458 5n)8ht = - 28 gee: 7 ~ 2285 ae 
S. Tf? = Ai+ Bi, where A* and B* are two orthogonal ving 1 
a vectors, show that the square of the length of the vector U# ig Pee 
eo _ 4, If A* and B* are eerbeponal vectors of Eedual length L, show} 
that | | 2, Be me S| 
- a | | (Sn i8ne- sa ani den cae . . . ; . = me a 
5. Considering an ”—dimensional . Euclidean space E,, with # 
rectangular Cartesian coordinates asa particular’ case of a Vy, show | 
that in E£, there is no distinction between covariant andl 
contravariant vectors. j . Y age 
«6. Show that in the V, oAeh. line element 
= ds? =—(dx1)? —(dx*)? —(dx®)? +¢7(dx*)* 
each of the following vectors is a unit vector : | 


(1, 0,¥3) ; (ii) (1, 0, 0, 0). 


and’ (iii) (2, 0, 0,¥3 ) 
ar 
F. - Prove that 


1 tig a | es 
oe te “Sti > where g= [Si | 


2Bs., 2 {i ;3 = 0 in one coordinate system, determine whether i 


is zero in all coordinate systems. - aa 
if A’ jk is a skew-symmetric tensor, show that’ eS \ 
» ATFELT ya ACFRLL Jen AtSBEL Y= :0 ee 

t:2 
10. ‘Determine whether ti ;} are the components Be a cova 
‘ii. Tf D 5. Gi J+! jAy + 8EA55 where a is a covarian "a 


Fo 
_vector, | / Fe “| | 
- vee a 

and T bi ‘is any skew- “symmetric tensor, show that Tt Wie | 


"TENSOR OALOULUS IN A RINMANNIAN SPACE 


rg Mette, 


oo a Tinta Fee hers ie nk Gavae 


ae | é Dayk . ChayT » where $ is an. invariant, ‘prove 2 
Be | SI nei Pe BAM NS age LINER TS A GEE) Ear 


' 


“Es a "43. a p (af Kh 205 ee where B; is a covariant vector, | 


< show that 


\ 
1 


By \' tat sie le es om : 


14. tf A; isa covariant vector, determine whether {i j +3}. A, k 
45h, are the components of a tensor. . 
15. Show that the only non-vanishing Christoffel symbols 
! of the first kind for the Vs with the line element ds? = (dx*)? 
(xt)? (dx®)? + +(dx3)® are [22, d= —x!, (12, 2]=[21, 2]= x1. 
16. Find the Christoffel symbols of the second kind for the 
VY. with line element he | 
ds? =a?(dx1)?+a? sin? aan . 
where @ is a constant. — eno se 
17. Ifa,;; is a skew-symmetric tensor, ‘show that @; 45, is 


skew- “symmetric in the indices ? and | a ee 


— 18. If.a,;; is the curl of a covariant: secteis prove that. 
a a; 5,,A4° A? =Q for any arbitrary vector A*. 


a 


19, If a;, is the curl of a covariant vector, show that 


04:5 4 O02 jk 1 08K 
ax - @x* ax? 


= 


20... If A;; is a skew- -symmetric tensor such that As oR ~ A, 92 
‘prove that Ajj», =9- . 
Fela ‘Te a,; is’ a. symmetric non- n-singular ([ a3; | 40) tensor of 
type (0, 2), such that iin = 0, show that 


| f | at Gg) ep +2454 — a4 ) 


- OY 


| al If nee fix 0 ata specified poms show that the components 
xk } - 
‘of covariant derivatives at the point are the, same as “partial 

: derivatives. og BS 
| , 


es non-zero eae 


eS 23, If. Abs, isa skew-symmetric tensor, Spey that ; 


ta NTS 3 


ae “8. as v 
a) is a tensor. 
Ve axl 


oo 24, Prove that A 5 


indy ae Mi Veta where au 


er 


7 isa tensor of type (0, 2). a 
eee 25... If B; is a non-null “vector and T; j is” a symmetric tensor. ; 
yee such that B,T 55 =B; iPox les show tee Ty jm PB B;, _ where o is a 3 


26. Show that. ‘the ‘transformations. “of tocar wan 
fort i group. aoe ate eo. | 
ar. Tf Atiisa symmetric tensor, prove that 


1. 


- 


(divs)—4ase 2 Bans where: Aj = Aitg, i 


“Aha 
it fe aa | ax 
oe 28, “Show that i in a Pas the expression v Zi: | detdxtndh 4 
is an invariant. oe Be EE we Sg be ae 
ea 
29, Prove that Ina Vx: with tine anche ds* = (det) 4 q 


L 2 _ fy1\2 2 ar Hs oe 
a cos ax*, (x7 )* sin 2x is Zero. | oe Lae $5 gn tas 


(x1)? *(dx*)?, the divergence of the covariant vector with components | 
| 
“B30: - (%, y) are rectangular, Cartesian eerdinates:? in a plane i 
| ‘and A(%, 9) are coordinates defined by the relations xa 4UR “+ Py 
y=”. Tf Ay, A, are the coordinates of a covariant vector in the *, 9 


coordinates defined by Ay ae (?.— IP)”, show that its divergence 4 


: ig 2% ee) | | 

i r ; et os x2 2 ee. ae. Ms Nae . sa 
SL. If A, 1=Aee =O, Au ir) : a are the components | 

5 e 

a 

‘of a ~ symmetric tensor in Pecan silat Cartesian-’ seoordiudtes x, ¥ 4 


and Al}, A??, A*, A*} are its contravariant components in polar 


. coordinates r, b ‘show that All 47242? 0, On Ea hee 


32. ‘Tf the - components A,, As, 4s of a vector in | cylindrical « cor 


Loree ng 3 ; : aod a a? i a . oor ee gree ghee 
" : : ’ ¢ - ‘ - - : . aie pe te tos -- Long ef) Peele oy and 
iz - oe . : : Fs 2 marge 1S eee ey: 
F : 5 x Fs > SUR eS oto, Oe Py Zed 
« r ae A Spee bees PO Seas! P os aise 
: 7 ‘ ~ ’ . ee oe eee ea as im 
: : s she Pee ~ 
4 eof h" Py Y 


1 
a 
a 
¢ : . 
ordintes, Ps se Zz are p, Z sin *, e COs Z, _ how ahet fds Ais a2 a 
\ 
3 


35. ‘TE 3 ina V3, Ci ae where Any is a 1 skew-symmetric _ 


ee show that 24; ; = ej 71Ce bees eh seas eae 


7 


(We AS, vf g Asi WV gA?8) are. the components - of a covariant: 


vector. ‘Show further that if A;; isa skew-symmetric tensor in Van 
ee 


“then (Fe Assy 7 z Fes Ais). are the components of: a contra~ 
VE . ies 


: se 

, variant vector. ae See: 

: 37. Tigi, Roggp= Reger a? oes 
prove that Regn.= —Ryigis Reig r= —Ra; Lk. 

2 _ and Rieger tRinigtRerge =O. | | 


58, Prove. that the relation’ Reger =Reri; follows fen the 


"relations . 
| Riper =—Reiet, Rigen= —~Risur 
and Re jer tRinrgtRirge =O. 


39. “ Show that ifina Vn (71> 2) 


Reie=tn sj +85; Paz 8n; Tin fit 2. 
then Tig =T;; " 


40, If ina Vm, Re; Ri cRt : ae 2 . ree aes 
| of re 


-. 


“where Riiagirgia Rivas and R=gii R. 


tj9-- 


_ prove that Rin 2e,, 


41. If Ae isa covariant vector eh ent». 


A;,4+4;,;=0, show that Aiyjn=— Ay Rie, : 


me. - one that a V, with line element ce 


NG ee , S* = 2fdx\dx*, | ie hoae *),. 3 2 oo ! ts o° Ps 
ois ‘flat np Pe et: = of af oe. Ae 


x10x2 | “xt ax*. paren er a en 


wy < 
: aN eae ee ee 


: a 


prawn deat ae spe 


7 : 34. "Prove that i ina rs ear and: ei i® are 2 aadclated. tensors. : 


36, If Ati is a skeiravinnsotia ‘tensor in. a Vane ee that oe ea 


EE ae 


fo propa ms SUN 
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4a tt, Ae} is a | vector field along a “curve. e such ‘that sat “i! a 
show that ween 1S also » zero, tt | a aoe : ; : : A 

ade Prove that = 
Stet) at ft yal de® 
at dt® ikl dt “dt 


45. If A‘ and B* are two non-null vector fields. defined along a 


a curve such, that their: intrinsic derivatives along the curve: are | 
zero, show that. the angle between the vectors at every point of | 
the curve is constant, : 

46, Prove that ina V,, the folowing identity holds : 
Rie rnmtRi jmet Rare; i+ Rhngos =0. . = nN 
47, Prove by using quotient law but not the lemma IIL 10 f 


that if Ai, isa tensor, then { cA feta t= Ail) 4) ldibere) 


components of a tensor of type (1; 3). 


Answers 


8. It is not zero in all coordinate systems, because the equation ! 
{i ;}=0 is not a tensor equation, | | 
: 10, i ,} are not the components of a covariant vector. | 
“aa Not the components of a tensor 
16, {1,}=0, {Fa} =0, {tat={e2} =0, {iy} =0 


{go} = —sin x1 cos x*, {fe}={sy} =cot oe 


= 


33. | (- ent 0, — 24, 4) 
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- CHAPTER Vv Ee 
TENSOR CALCULUS IN DIMENSIONAL : 
ORDINARY EUCLIDEAN SPACE 


‘WW. 0, - 3.dimensional ordinary Euclidean ‘Space and 3 ordinary moll. 


vector calculus. 


By 3- dimensional ordinary Buclidean space we shall mean a 


particular type of V3 in which the line element is given, by 


? wx (dx 1)? +-(dx?)? +(dx8)? | ees » (AY 


where x1, x?, x8 are rectangular Cartesian coordinates (f). 
~ Such a Space shall be denoted by E,. 


Therefore, ordinary vector calculus may be regarded as tensor 


calculus of tensors of order 1 of Es, 


In this chapter we consider some results of the tensor calculus 
of tensors of order one of V3 and derive the corresponding results 


of ordinary vector calculus from them. ‘This is done to indicate 
the power of tensor calculus. 


‘Tv.1. Some ‘iéeful results : 


In this section we state some results sonic will be required 3 in 


the next section. 


In E, the components of the fundamental tensors g;;> and 


otf 


g*i are as follows 


glial, g%%e=1, g38= 7 git@agleaglda gS] o pas might 
Therefore in E,, the following results hold 
(1) The Christoffel symbols are all zero 

2) leis l= 


+ Jéix, v2, x are cylindrical or spherical coordinates, then the line 
element is given by ds? =(dx")? + (41)?(dxv?)? + (ax*)3 


or, ds*==(dx1)? + (41)? (dx2)2 + (2) 2( sin v7)"(axs)*, 


See author’s Analytic Geometry vol. II. 2nd edition A986; worked example. 
~ 6s nae 634 and Ex. 10, pare 6386.0 | : 


Boe a low EN Sa 


a Gg A texT BOOK OF. TENSOR canourus 


ad ice ee 
(3). There: ‘is no “distinction ‘between covariant and. contra. 


13, . i 


ve variant vectors ne ose ees eee : ABATE Beatie gg ON ipsa Be 3 


ae always be taken in the covariant form A;, We shall sometimes 


- use capital letters A, B,C; ete, of the Latin’ alphabet to denote 
vectors with eomponents A,, B;, Cx ete. , 


.IV.2. Some results of ordinary vector calculus derived from 
the corresponding results of Tensor Calculus of a Ve = 
(i) Scalar product of two vectors. % | 
In a La the scalar product of two vectors 4 “and Be is: 
giiA;B; ve ot ae 
“In Es, g'1A;B, =g11A,B tet dg B, 465248, 
=A,B,+A,B,+AgB; | 


Thus if in E,,A,B denotes the scalar eae of two vectors 


A and B with components 4; and B;, then 


DE (ii) Vector product (cress product) of two vectors © 


Ina Vs, the. components of the vector product of two vectors : 


| A; and B; are | 
o Pee Ba— 4; B ) Flds BAL B.); Fae al By) 
ie | A See 8, 92) 
In E;, the above components take the form | 
(ABs — A,B,), (AsB, —A,Bs)) (4, B2—-A ae a pay 

: “hus if in Es, AB denotes the vector product of two vectors 


A.and B with components 4; and B;, then 
—AxB=(A,B;—45Ba5. AaB, —A,Bs, ABs a Bi) 


* Git) Gradient ofa scalar to Bates 
An a Vs, the gradient of a scalar ¢=4,;. 
In E. 3) the above reat takes the form. co ot 7 *: | a 


cS ety oes 
zy 
- 


ee (A Covariant derivatives : are’ / identical with partial dativacies a “ 
os and (5) Intrinsic derivatives are identical with ordinary derivatives, ae 
_. Note. It is to be noted that in view of (3) only one kind’ 6 Be 
= vector needs consideration, Fo - 

| © convenience, a vector of E, shall — 


- — Sh a ete aS SR 


A.B=4,B,+4,B,+A,B, _ | as i aie 


» (43) | 
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Saiyan 


(en, ax, ax? 


: (iv) “Divergence of a vector oy 


In a Ps, the divergence of a vector 4, = gi #Ay, 2s “(See 3.58) 


In Es, g/*4; eS Ay tS Ange t 884g 


“se Ayyy + Agi + Abas 
OA, 24s 04, ee oS 
axe" xt x8 Ss, es 


or ee | pus Pg Be TD, . By 


aA, 0A: Oe spt St ee eg 
Av= ST eee ee ae oe 
div A a ey t ee (4.5) 


a 
, 


“(v) Curl ofa veeter 


Ina V3, the components of the curl ae a. vectot 4, are - 


J_(04y_24s\, 124,049), 1 (24g 242) Gee 3,90) 


axe axl 


og vg) 


In £ 3 these components take the form 


Vg \ox°  ax® axt eee 


Ox? 9x?” xo ax re ox 

Hence in Eg, | a | 
045 04a ay _ OAs OAy OA hy 

ox? ox?’ axe ax}? Oxi -*) . es (4.6) 


Curl A,= | 


(vi) The Laplacian of an invariant : 


In a V3, the Laplacian of an invariant ¢ is given by: 


—— oe ox a ores 


vin 28, (vets 2) ‘“~ . (See 3.60) 


aan ee it hs ee 
sank SR Yap SDR PY ABO 
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= 
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ad. ad 4. 9a2¢ - ie sgitagiingt* 01 


“(xt or OF) : 


Hence in £3, 


rf 


ree Gey: (ox*)* 


| WORKED EXAMPLES | 

: 1. Show Rae in Fy 
(i) div (A+B)= =diy A+div B 

(ii) curl (A+B)= curl A+curl eye 


- Case (i) Let A; and B; be two vectors of 3 a Vo. 


aad let.A; +B; = a | : . vee & 1 
Then- div (4, i Rey div C; =£5'Cy,, . be. #3 {by 3.58] 


=37*(Ajyp + Bist). Eby A] 
=gitA, pt B7* By, : 
sed +div B; 


In £3, let A and B be vectors with eomponents A and B;. 
Then in £;, the above relation can be written as 


diy (A+B)=div A+div Be 
- Case (ii) 


oe curl (4; +8B,)=curl C, i = q 
Se Ct ay = Eby 3.89]. -} 
MAB) a 


| er hay ptetFlB,, Pe 
a ee ee ; = curl A,-+curl B, 


sow ae. 
eS 
ew 


fis ae 


cals 
9 “og a. 23 hay Le ee as 
"9x2 \ at +2 eed 5 +8" "ax? eee ce 
me - 0 (os) O¢ 82 a ag oF 
= + 5a | Bt + ge axa oP 4g ‘ox 


V2b= oo 4 2 a°¢ — _ (4.7) 


a 


siz sg i ote NTR 
eet re tS = = a 
4 rat = ero Ce Pe ira es Oe 
ay : ne Wy Sosa 
nS ve |S Pea een Sept ne gt 
1 af. [cat gee Ret ge ts at. 


EES. 


aan ome ranma ae 
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’ 
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3-DIMBNSIONAT BD) NABY E 

ae In E., 8). the hove relation ca can. ‘be hese a ae 

3 ae curl (AtB = curl Ate curl Bo 2 
22 “Show that j in Ey : aa 

= diy (AxB) = =B. curl Ne a ‘curl B. 


a be “Tn By, AXB- =(ABs- ~AiBe, And - AaB ba —4,3,) 
SE AS oa ea Sg a “Thy 43) 
- Hence ae arene ee B 4B) +2 (4s By “ABs) 


aB, 
Ox 


‘ads iy OB s 


: a | Ge wae 043 
oe. B 
+ wee ax? 


| : | de fg gh | 4 4 * “ax? 
ee 1h 2- ne 


A,~ 


a Exercises 4 

| a Ifin Ba, Aq, x*, x*), show that 

4 a oe ae div A=3, curl A=-0° 
en oe 2 = and aired A | ( TAT” TAT A i “Sy 

| 2. Prove that 3 in E,, eile ( bai A)=0 . 


3, , Show that i in E, 
ey a curl ad A) rad div A- AL 


i’ 
oe 
| 
r ih . 7 +3 AB, 7 . ; usa | 
| _245 nite | “as ; os ee 
OB, 4 OAs Bp, —231 4, 
(ee - 2) - 
Ox ox? 


—%)| 


- = B. curl AA. culB ‘Loy (42) and Go 


ox? 


api 


: ae B : 
aes pst A 


2 ats 8 anes a OSG ra ee ae 
me 4 3 ees t a , ae 1 


at in Es, Aa(xt, se x8) and B= ee , a, at) | a 


fove ~ where al aC @°-are constants show. that . CLE fe Toe eo egy I ES 
oe ues ~ curl (BX.A) =2B oe ae eee 
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} Addition of tensors. 
_ Affine connection . 


PP vectors 
= Bianchi identity 

ae ; Christof el connection 
a > _Jaymbels 


2 symbol 
yj: Contraction 


ae Contravariant 
| fundamental tensor 
: Contravariant tensors 


; | ‘ of tensors 
; -,Covariant tensors: 
yy vectors 


2 Curl * 
- Curl Of ey vector - 
99 19 99 39° in a. a Vs. 


1 -Curvature ; 

: Curvature tensor 

* Curve ina V, 
Divergence | 
Dummy index — . 
e-systems | 
Einstein tensor 
Equality of tensors | 


a The numbers refer t to pages I os 


Absolits: Differential Caleulus Ls “Flat space ; 


© Angle between two non-null : 
ee 7 vectors _ 
: Associate tensors* os. 


u ‘5 vectors 
I _ Covariant differentiation 


Cross: mgs of two vectors 


“29: Free index. 
: 65. Fundamental tensor” 

= General: ‘Differential .- 
70 . eke Calculus 


100 Orthogonal vectors ’ 
88 Outer multiplication - 
3 ‘Permutation tensors 


10 ° Pole of a geodesic coordinate . 
114 a hg ; oP 238 3 4 is ent ar 
31 Principle of covariance *... 


system. 
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67.- Géodesic coordinates re os) 
67 Gradient' ~ « 2 Lo. 88 
95 Inner multiplication | OLE 
~ 77 Inner product - aw BP 
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¥ ; Invariants — sa) 
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Quotisnt Jaw 
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ie Reciprocal tensors # 
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Rice’ calculus 
: _ Ricci's lemma _ 
Ricci tensor _ 
~ Ricci’s theorem 
3 Riemann-Christoffel | 
curvature tensor 
: Riemannian metric ~ 
| 2 ~ space 


Rotation of a covariant . 


vector 
Rotor | so she oe 
Scalars | 
‘Self orthogonal, vector 


-Skew-symmetric tensor — 


‘Symmetric tensor 


s Summation, convention : 
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62, Tensor algebra eee tes 
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